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CHARACTERIZING A VERTEX-TRANSITIVE GRAPH BY A 

LARGE BALL 

MIKAEL DE LA SALLE AND ROMAIN TESSERA, 

WITH AN APPENDIX BY JEAN-CLAUDE SIKORAV 


Abstract. It is well-known that a complete Riemannian manifold M which 
is locally isometric to a symmetric space is covered by a symmetric space. Here 
we prove that a discrete version of this property (called local to global rigidity) 
holds for a large class of vertex-transitive graphs, including Cayley graphs 
of torsion-free lattices in simple Lie groups, and Cayley graph of torsion-free 
virtually nilpotent groups. By contrast, we exhibit various examples of Cayley 
graphs of finitely presented groups (e.g. PGL(5, Z)) which fail to have this 
property, answering a question of Benjamini, Ellis, and Georgakopoulos. 

Answering a question of Gornulier, we also construct a continuum of non 
pairwise isometric large-scale simply connected locally finite vertex-transitive 
graphs. This question was motivated by the fact that large-scale simply con¬ 
nected Gayley graphs are precisely Cayley graphs of finitely presented groups 
and therefore have countably many isometric classes. 


1. Introduction 

Throughout this paper, we equip every connected simplicial graph X with 
its usual geodesic metric that assigns length 1 to each edge. To lighten the 
statements, we adopt the following convention: “a graph” means a connected, 
locally hnite, simplicial graph withouth multiple edges and loops, and “a: G V”, 
means that a; is a vertex of A. A graph X is entirely determined by the restriction 
of the distance to the vertex set, because there is no multiple edges and loops. 
In particular the isomorphism group of the simplicial graph X coincides with the 
isometry group of the vertex set of X. When G is a group with a hnite symmetric 
generating set S and associated word-length | ■ I 5 , the Cayley graph of G with 
respect to S', denoted (G,S), is the simplicial graph whose vertex set is G with 
distance d{g,h) = \g~^h\s. 

Observe that given an integer d > 2, any d-regular graph X is covered by 
the d-regular (inhnite) tree T^. This trivial observation is a “baby case” of the 
phenomenon studied in this paper. 

Following the terminology of |B131 IG] . given a graph X, we say that Y is R- 
locally X if for all vertex y & Y there exists t G X such that the ball Bx{x,R), 
and ByiVyR), equipped with their intrinsic geodesic metrics, are isometric. We 
now introduce the central notion studied in this paper. 
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Definition 1.1 (Local-Global rigidity). Let X be a graph. 

• (LG-rigidity) Let R > 0. X is called local to global rigid (for short 
LG-rigid) at scale i?, if every graph which is i?-locally X, is covered by 

X. 

• (SLG-rigidity) Let 0 < r < i?. X is called strongly local to global 
rigid (SLG-rigid) at scales {r,R), for some 0 < r < i?, if the following 
holds. For every graph Y which is i?-locally X, every isometry from a 
ball B{x, R) in X to a ball B{y, R) in X, its restriction to B{x, r) extends 
to a covering from X to X. 

• (USLG-rigidity) If in addition to the previous condition, the covering 
extending the partial isometry is unique, then we call X USLG-rigid at 
scales {r,R). 

If there exists R such that X LG-rigid at scale R, then we simply call X LG-rigid. 
Similarly if for all large enough r there exists R such that X is SLG-rigid (resp. 
USLG-rigid) at scales {r,R), then X is called SLG-rigid (resp. USLG-rigid). 

1.1. Rigidity results. Our first remark can now be reformulated as follows: Td 
is SLG-rigid at scales (r,r) for all r > 0 (observe that it is not USLG-rigid). 
Let us start with a generalization to quasi-trees. Recall that a quasi-tree is a 
connected graph which is quasi-isometric to a tree. 

Theorem A. Let X be a guasi-tree whose group of isometries acts cocompactly. 
Then X is SLG-rigid. 

In particular we deduce the following 

Corollary B. Cayley graphs of virtually free finitely generated groups are SLG- 
rigid. 

Given a graph X, and some A; G N, we define a polygonal 2-complex Pk{X) 
whose 1-skeleton is X, and whose 2-cells are m-gons for 0 < m < k, defined by 
simple loops (xq, ... ,Xm = a;o) of length m in X, up to cyclic permutations. 

Definition 1.2. Let us say that a graph X is simply connected at scale k (for 
short, /c-simply connected) if Pk{X) is simply connected. If there exists such a k, 
then we shall say that X is large-scale simply connected. 

Note that /c-simple connectedness automatically implies /c'-simple connected¬ 
ness for any k' > k. 

As mentioned above the regular tree is LG-rigid at any positive scale. Gon- 
versely, it is easy to see that a connected d-regular graph which is LG-rigid at 
some scale r < 1/2 is necessarily simply connected, and hence isomorphic to 
Td (a wedge a self-loops yields a counterexample for r = 1/2). The following 
proposition generalizes this fact to higher scales. 

Proposition 1.3. If a vertex-transitive graph is LG-rigid at scale R E N, then 
it is simply connected at scale 2R. 
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This is tight as shown by the standard Cayley X graph of Z^. By [BEj . X 
is LG-rigid at scale 2. However, it is obviously not 3-simply connected as the 
smallest non-trivial simple loops in X have length 4. 

Let G be a finitely generated group and let S' be a finite symmetric generat¬ 
ing subset. It is well-known that the Cayley graph (G, S) is large-scale simply 
connected if and only if G is finitely presented. More precisely (G, S) is fc-simply 
connected if and only if G has a presentation {S\R) with relations of length at 


most k. By proposition 1.3, it follows that a Cayley graph of a finitely generated 
group that is not finitely presented is not LG-rigid. 

Let us pause here, recalling that the notion of LG-rigidity was introduced by 
Beniamini and Georeakonoulos in jB13l 10]. The main result of 0 is 

Theorem. [G] One-ended planar vertex-transitive graphs are LG-rigid. 

Examples of LG-rigid vertex-transitive graphs also include the standard Cayley 
graphs of Z'^ |BEj . All these examples are now covered by the following theorem. 


Theorem C. Let X be a connected, large-scale simply connected graph with finite 
valency whose group of isometries Isom{X) is cocompact (e.g. X is vertex tran¬ 
sitive). Then X is USLG-rigid if (and only if) the vertex-stabilizers of Isom{X) 
are finite, or eguivalently if the isometry group of X is discrete. 

Note that Theorem is not a consequence of Theorem 0 as the automor¬ 
phism group of a tree may have infinite vertex-stabilizers. It follows from |Ba971 
Theorem 3.1] that the isometry group G of a one ended planar vertex-transitif 
graph X embeds as a closed (hence discrete) subgroup of either PSL(2, R) or 
of Isom(R^). Hence we deduce from Theorem [c| that X is USLG-rigid, hence 
recovering Georgakopoulos’ result. 

Let us say that a hnitely presented group is LG-rigid (resp. SLG-rigid, USLG- 
rigid) if all its Cayley graphs are LG-rigid (resp. SLG-rigid, USLG-rigid). Using 
some structural results due to Furman (for lattices) and Trohmov (for groups 
with polynomial growth), we obtain, as a corollary of Theorem [C| 

Corollary D. Under the assumption that they are torsion-free and they are not 
virtually free, the following groups are USLG-rigid: 

• lattices in simple Lie groups; 

• groups of polynomial growth. 

In [G], the author asked the following question. 

Question 1.4. Are Cayley graphs of finitely presented groups LG-rigid? 


We shall see in the next section that this question has a negative answer. Before 
answering Question |1.4|, let us give a useful characterization of LG-rigidity. 


Proposition 1.5. Let fc G N. Let X be a k-simply connected graph with cocom¬ 
pact group of isometries. Then X is LG-rigid if and only there exists R such that 
every k-simply connected graph which is R-locally X is isometric to it. 
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The same proof shows that X is SLG-rigid if and only if for all r there exists 
r < R such that the restriction to a ball of radius r of every isometry from a ball 
of radius i? in X to a ball of radius r in a i?-locally X fc-simply connected graph 
Y extends to an isometry from X to Y (and similarly for USLG-rigid). 

As an almost immediate corollary of the proof, we get 

Corollary 1.6. Let X be a Cayley graph of a finitely presented group. Then 
there exists r < R such that for all Cayley graph Y which is R-locally X, every 
isometry from a ball of radius r in X to a ball of radius r in Y extends to a 
covering map from X to Y. 

In other words, Gayley graphs of finitely presented groups are SLG-rigid among 
Gayley graphs. We shall see later that this is not true among arbitrary graphs, 
not even among vertex transitive ones. 

1.2. Flexibility in presence of a finite normal subgronp. In |ST15] we see 

that the example of the building of SL(n, Fp((T))) gives a counterexample to 
question o for n > 3. Below is a different class of counterexamples. 

Theorem E. Let H be a finitely presented group. Assume that H contains a 
finitely generated subgroup G such that H^{G, Z/2Z) is infinite. Then there a 
Cayley graph of H x Z/2Z that is not LC-rigid. 

Requiring that G is normal and that iL is a semidirect product of G by iL/G, 
we can get a stronger form of non LG-rigidity, where the graphs negating the 
LG-rigidity are transitive graphs: 

Theorem F. Let H be a finitely presented group. Assume that H is isomorphic 
to a semi-direct product G xi Q such that G is finitely generated and H^{G, Z/2Z) 
is infinite. Assume moreover that G has an element of infinite order. Then 
there is a Cayley graph X of Z/2Z x H that is not LC-rigid. More precisely, 
for every R > 1, there exists a family with the cardinality of the continuum 
(Aj)jg/ of large-scale simply connected vertex-transitive graphs that are pairwise 
non-isometric such that for every i & I, 

(i) Xi is R-locally X and A-bilipschitz eguivalent to X; 

(ii) there is a surjective continuous proper morphism from a finite index sub¬ 
group of the isometry group of X^ onto H whose kernel is isomorphic to 

(Z/2Z)N, 

Remark 1.7. The assumption that G has an element of infinite order is a minor 
technical assumption that allows to use a variant of Theorem Without it we 
would only be able to prove the Theorem for a Cayley graph of Z/NZ x H for 
some N. 

An explicit example for which Theorem applies isi7 = F 2 xF 2 , and G the 
kernel of the homomorphism F 2 x F 2 —)■ Z which sends each generator of each 
copy of the free group F 2 to 1. Alternatively, one could also take for H a product 
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of two surface groups of genus at least 2. This probably well-known fact was 
explained to us by Jean-Claude Sikorav. We could not find a reference in the 
literature and instead provide a proof in Appendix 

In particular, we deduce that Theorem applies to any hnitely presented 
group H containing F 2 x F 2 . For instance we deduce from Remark IW that for 
all n > 4, PSL(n, Z) x Z/2Z admits a Cayley graph which is not LG-rigid. Since 
for n even, we have PGL(n, Z) ~ PSL(n, Z) x Z/2Z, this shows that the torsion- 
free assumption in Gorollary is not superfluous. We end this discussion with 
the following question. 


Question 1.8. Among lattices in semi-simple Lie groups, which ones are LG- 
rigid? For instance we conjecture that PSL(3, Z) is SLG-rigid. 

Note that since large-scale simply connected Gay ley graphs are precisely Gay ley 
graphs of hnitely presented groups, there are countably many such isomorphism 
classes of such graphs. Gornulier asked whether there exist uncountably many 
isomorphism classes of large-scale simply connected vertex-transitive graphs. The 
previous theorem answers positively this question. It would be interesting to 
know whether there exist uncountably many quasi-isometry classes of large-scale 
simply connected vertex-transitive graphs. Observe that this is not answered by 
our result. 


1.3. Cayley graphs with discrete isometry group. We conjecture that every 
hnitely generated group has a Gayley graph (without multiple edges) with discrete 
isometry group. In the general case the closest to this conjecture that we can get 
is the following theorem. 

Theorem G. Let T be a finitely generated group. There is a finite cyclic group 
F and a Cayley graph ofTxF with discrete isometry group. 

More involved is the following result, where we prove the conjecture providing 
the group admits an element of inhnite order. A variant of this result plays a 
crucial role in the proof of Theorem 

Theorem H. Every finitely generated group F with an element of infinite order 
admits a Cayley graph (F, S) with discrete group of isometries. If in addition F 
is finitely presented, we deduce that (F, S') is USLC-rigid. 

Let us mention the following consequence, which gives a partial answer to a 
question by Georgakopoulos m Problem 1.2]. 

Corollary I. Let F is a finitely presented group with an element of infinite order. 
If all the Cayley graphs X of T admit a seguence (T„)n of finite graphs which are 
n-locally X, then F is residually finite. 
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1.4. Prom graphs to cocompact geodesic metric spaces. Finally, one may 
wonder whether Theorem can be generalized to more general geodesic metric 
spaces. The following constrnction provides serions limitations to this hope. 


Theorem J. The exists a metric space X with the following properties. 

(i) X is proper, geodesic, and contractible. 

(ii) Isom{X) Z (in particular it has trivial points stabilizers). 

(hi) Isom{X) is cocompact. More precisely, there exists x E X such that 
Isom{X) ■ B{x, 1) = X. 

(iv) For every R, there exists a continuum of pairwise non isometric metric 
spaces Yr which are R-locally X and satisfying (i), (ii) and (Hi). 

(v) For every R, there exists a continuum of pairwise non isometric metric 
spaces which are R-locally X but have a trivial isometry group. 

(vi) For every R, there exists a continuum of pairwise non isometric met¬ 
ric spaces Y)) which are R-locally X have an uncountable isometry group 
(cocompact or not). 


Organization of the paper. The paper is organized as follows. Section 
and 1^ contain preliminaries on large scale simple connectedness and the proofs 
of Propositions |1.3| and |1.5[ Section and contain our rigidity results for 
quasi-trees (Theorem and graphs with discrete isometry groups (Theorem 
respectively. In Section we prove Corollary Sections and contain the 
proofs of Theorem and respectively, using for Theorem the content of 
Section Theorems 0 and 1 ^ are proved in Section Finally, the proof of 
Theorem]^ is provided in Section IT 


2. Preliminaries about /c-simple connectedness 

Except for the following paragraph, dealing with the quasi-isometry invariance 
of large-scale simple connectedness, the following material is not needed in the 
rest of the paper, but we include it in order to advertise the naturality of the 
2-complex Pk{X) for vertex-transitive graphs. 

2.1. Invariance under quasi-isometry. Given two constants G > 1 and K > 
0, a map f : X ^ Y between two metric spaces is a (G, iF)-quasi-isometry if 
every y eY lies at distance < K from a point of f{X), and if for all x,x' E X, 

C~^dx{x,x') - K < dY{f{x),f{x')) < Cdx{x,x') + K. 

Theorem 2.1. Let k E , C > 1, K > t) and let X be a graph. Then there 
exists k' E N* such that every graph Y such that there exists a {C, K)-guasi- 
isometry from X to Y, is k'-simply connected. 

Proof. Since this is well-known, we only sketch its proof (which roughly follows 
the same lines as the proof of |CH1 Proposition 6.C.4]). The strategy roughly 
consists in showing that simple ^-connectedness is equivalent to a property that 
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is defined in terms of the metric space X, and which will obviously be invariant 
under quasi-isometries (up to changing k). 

In the sequel, a path 7 joining two vertices x to x' in a graph X is a sequence of 
vertices (x = 70 ,..., 7 n = t') such that 7 ^ and 7 *+! are adjacent for all 0 < f < n. 
We consider the equivalence relation ^k,x,x' between such paths 7 = ( 70 ,..., 7 n) 
and 7 = (7q, ..., 7 (j,) generated by 7 ^k,x,x' if they “differ by at most one 
2 -ceir’, i.e. if n = ji -h 32 + js, n' = ji + J 2 -h J 3 such that 

• 7 . = 7 ' for all f < ji; 

• Ih+h+i = for all * < Ja; 

• 32 + 32 < k. 

We leave as an exercice the fact that Pk{X) is simply connected if and only if for 
all x,x', the equivalence relation ^k,x,x' has a single equivalence class. Note that 
this reformulation allows to work directly in the graph X. But it still has the 
disadvantage that it is dehned in terms of combinatorial paths in X, based on the 
notion of adjacent vertices (which does not behave well under quasi-isometries). 
In order to solve this issue, but at the cost of changing k, we now dehne a more 
flexible notion of paths in X: given a constant C* > 0, we call a C-path in 
X from X to x' a sequence x = rjo,... , 7 ]^ = x' such that d{rii, ? 7 j+i) < C for all 
0 < i < n. Given some L > 0, we dehne the equivalence relation ^c,l,x,x' between 
G-paths joining x to x' generated by the relation r] ^c,l,x,x't]' if n = ji + j 2 + js, 
n' = ji+ 32 -|- js such that 

• Vi = Vi for all i < ji; 

• Vh+j 2 +i = V'j,+f^+i for all i < 33 ; 

• j2 + j2 < L. 

It is easy to see that if X is /c-simply connected, then for every G, there exists 
L such that for all x, x' the equivalence relation ^c,l,x,x' has a single equivalence 
class. Conversely, if for some G > 1 and L, the equivalence relation 
has a single equivalence class for all x, x' G X, then X is fc'-simply connected for 
some k' only depending on G and L. Now the latter condition is designed to be 
invariant under quasi-isometries, so we are done. □ 

2.2. Cayley-Abels graph. Let X be a locally hnite vertex-transitive graph, 
and let G be its full group of isometry. Recall that G is locally compact for the 
compact open topology. Given some vertex tq; denote by K the stabilizer of Tq 
in G: this is a compact open subgroup. Let S be the subset of G sending tq 
to its neighbors. One checks that S' is a compact open symmetric generating 
subset of G and that S is bi-X-invariant: S = KSK. It follows that the Cayley 
graph (G, S) is invariant under the action of K by right translations, and that 
X naturally identihes to the quotient of (G, S) under this action. Conversely, 
given a totally discontinuous, compactly generated, locally compact group G, 
one can construct a locally hnite graph on which G acts continuously, properly, 
and vertex-transitively. To do so, just pick a compact open subgroup K and a 
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compact symmetric generating set T, define S = KTK and consider as above 
the quotient of the Cayley graph {G, S) by the action of K by right translations 
(note that the vertex set is just G/K). This construction, known as the Cayley- 
Abels graph (G, K, S) of G with respect to S and K generalizes the more classical 
notion of Cayley graph, which corresponds to the case where K = 1 (and G is 
discrete). 

2.3. Cayley-Abels 2-complex. We start by recalling some basic fact about 
group presentation and presentation complex for abstract groups (not necessarily 
hnitely generated). Let G be a group, and let S' be a symmetric generating 
subset of G. We consider the Cayley graph (G, S) as a graph whose edges are 
labelled by elements of S. Let i? be a subset of the kernel of the epimorphism 
0 : F 5 —)■ G. Consider the polygonal 2-complex X = X{G, S, R), whose 1- 
skeleton is the Cayley graph (G, S), and where a fc-gone is attached to every 
/c-loop labeled by an element of R. It is well-known that X is simply-connected 
if and only if the normal subgroup generated by R is ker0. In this case, (S; R) 
dehnes a presentation of G, and X is called the Cayley 2-complex (or presentation 
complex) associated to this presentation. 

The proof of this statement extends without change to the following slightly 
more general setting: assume that K is a. subgroup of G such that S = KSK, 
and consider the Cayley-Abels graph (G, K, S). Let Uq the vertex corresponding 
to K in {G,K, S). 

Consider the polygonal 2-complex X = X{G,S,R), whose 1-skeleton is the 
Cayley-Abels graph {G,K,S), and where a k-gone is attached to every fc-loop 
which is obtained as the projection in X of a fc-loop labelled by some element of R 
in (G, S). Once again, one checks X is simply-connected if and only if R generates 
ker0. In this case, (S'; R) dehnes a presentation of G, and we call X the Cayley- 
Abels 2 -complex (or presentation complex) associated to this presentation. 

2.4. Compact presentability and fc-simple connectedness. Recall that a 
locally compact group is compactly presentable if it admits a presentation {S;R), 
where S is a compact generating subset of G, and i? is a set of words in S of 
length bounded by some constant k. Now let K he a compact open subgroup 
and let S be a such that S = KSK. We deduce from the previous paragraph 
that the morphism {S] R) —?• G is an isomorphism if and only if the Cayley-Abels 
graph (G, K, S) is fc-simply connected. 


3. Large-scale simple connectedness and LG-rigidity 


This section is dedicated to the proofs of the rather straightforward Proposi- 
It can be skipped by the reader only interested in our main 


tions 1.3 and 1.5 


results. 




CHARACTERIZING A VERTEX-TRANSITIVE GRAPH BY A LARGE BALL 


3.1. Proof of Proposition |1.3] 

Lemma 3.1. Let X and Z be two graphs, and let R > 1. Assume that X is 
vertex-transitive, that Z is R-locally X , and that p : Z ^ X is a covering map. 
Then p is an isometry in restriction to balls of radius R. 

Proof. Being a covering map, for all z & Z, p{B{z, R)) = B{p{z), R). Hence the 
fact that B{z,R) and B{p{z),R) have same cardinality implies that p must be 
injective in restriction to B{z,R). Hence we are done. □ 

We obtain as an immediate corollary: 

Corollary 3.2. Let X be a vertex-transitive graph. Every self-covering map 
p ■. X ^ X is an automorphism. 

We shall use the following notion as well. If X is a graph and /c G N, the 
k-universal cover of X is the 1-skeleton of the universal cover of Pk{X). For 
example, if X is a Cayley graph {G,S), then the fc-universal cover of X is the 
Cayley graph {G,S) where G is given by the presentation {S\R), with R the 
words of length at most k that are trivial in G. 

Lemma 3.3. Let X be a graph and G N. The k-universal cover of X is 
k-simply connected. 

Proof. Let Q be the universal cover of Pk{X) and Z its 1-skeleton, i.e. the k- 
universal cover of X. Observe that the 2-cells of Q consist of m-gons for some 
m < k, that are attached to simple loops of length m in Z. Hence Pk{Z) is 
obtained from Q by possibly attaching more 2-cells. It follows that Pk{Z) is 
simply connected. □ 


Let us turn to the proof of the proposition. Let Z by the 2i?-universal cover 
of X, and let p : Z —)• X be the covering map. Note that p has injectivity radius 
> R, from which it follows that Z is i?-locally X. Hence we have a covering 
map q : X ^ Z. By Corollary |3.2 g op is an automorphism, implying that p is 
injective and therefore is a graph isomorphism. Hence it follows that X = Z. By 
Lemma 3.3, Z (and therefore X) is 2/2-simply connected, so we are done. 


3.2. Proof of Proposition |1.5| and of Corollary |1.6| . Since X has a cocom¬ 
pact group of isometries, there are only hnitely many orbits of vertices. Therefore, 
since Pk{X) is simply connected, for all i?i G N there exists i ?2 G N such that 
every loop in X based at some vertex x and contained in B{x,Ri) can be hlled 
in inside Pk{B{x, R2)) C Pk{X). It turns out that Proposition 1.5 can be derived 
from a more general statement, which requires the following dehnition (which is 
a variant of Gromov’s hlling function |Gr93] ). 


Definition 3.4. We dehne the fc-Filling function of a graph X as follows: for 
every Ri > 0, Fill^(i?i) is the infimum over all R 2 > Ri such that every loop 
based at some vertex a; G X and contained in B{x,Ri) can be hlled in inside 
Pk{B{x,R2)). 
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Note that even if X is fc-simply connected but does not have a coco mpact 
isometry group, Fill^ can potentially take inhnite values. Proposition 
a corollary of 


1.5 


IS now 


Proposition 3.5. Let X be k-simply connected graph with finite k-Filling func¬ 
tion, then X is LG-rigid if and only there exists R such that every k-simply 
connected graph which is R-locally X is isometric to it (a similar statement holds 
for SLG and USLG-rigidity). 


This proposition will from Lemma 3.3 and 


Lemma 3.6. Let X be k-simply connected graph with finite k-Filling function. 
For every Ri > 0, there exists R 2 such that if a graph is R 2 -locally X then its 
k-universal cover is Ri-locally X. 

Proof. Let > 0. Take R 2 > Fill^(i?i), and assume that a graph Y is R 2 - 
locally X. Let p: Z —)■ P be its fc-universal cover. We claim that p is injective 
in restriction to balls of radius Rp. this implies that Z is i?i-locally Y, and 
hence i?i-locally X because R 2 > Ri, and we are done. Indeed, let y ^ Y, and 
z & Z such that p{z) = y. Now let Zi and Z 2 two elements of B{z, Ri) such that 
p(^i) = P{z 2 ) = y'■ We let 7i and 72 two geodesic paths joining 2; respectively to 
zi and Z 2 , and we let 71, and 72 be the corresponding paths in Y, both joining 
y to y'. The concatenation of 71 with the inverse of 72 dehnes a loop a based 
at y and contained in B{ii,Ri). But since Y is i?2-locally X, a can be hlled in 
inside Pk{B{y,R 2 )), and in particular inside PkiY). From the assumption that 
p\ z ^ Y is the fc-universal cover, we deduce that zi = Z 2 . Hence the claim is 
proved. □ 


Lemma 3.7. Let : X ^ Y be a covering map from a graph X to a k-simply 
connected graph Y. If cf is injective in restriction to balls of radius [/c/2] + 1, then 
it is an isomorphism. 


Proof. The assumption on the injectivity radius implies that induces a covering 
map (j) : Pk{X) —)■ PkiY). The conclusion follows from the fact that, PkiX) being 
simply connected, must be a homeomorphism. □ 


Proof of Proposition 15*. 5} We shall only prove the hrst statement, the other two 
being very similar. Let us assume hrst that X is R-LC rigid for R > [/c/2] + 1, 
and let Y be /c-simply connected and /2-locally X. Then Y is covered by X, and 
it follows from Lemma 3.7 that this covering map is an isomorphism. This proves 
the hrst implication. 

Let us turn to the (more subtle) converse implication. Assume that X is k- 
simply connected, and that there exists R such that the following holds: every 
/c-simply connected graph which is i?-locally X is isometric to it. Let Ri = R, 
and let R 2 as in Lemma |3T If Y is i?2-localIy X, then its /c-universal cover is 
i?-localIy X, and hence is isometric to X. This gives a covering X —)■ H and 
concludes the proof. □ 
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Let us prove Corollary 1.6 Let X = (G, S) the Cayley graph of a hnitely 
presented group. Let /c G N sucht that X is /c-simply connected. Observe that 
the number of isometry classes of Cayley graphs Z = {H, S') where H is given 
by a presentation {S', R) with [S'! = |S"| and with relations of length at most k is 
bounded by a function of [S'! and k. Hence, it follows from an easy compactness 
argument that for Ri large enough, if such a Z is i?i-locally X, it is isometric to 
X. 

Let i?2 > 0 given by Lemma 3.6 for X. Let V = (ffg, 5") be a Cayley graph 
i?2-locally X. Then its fc-universal cover is i?i-locally X, and is the Cayley graph 
{H,S') for the group H given by the presentation {S'\R) where R is the set of 
words of length less than k that are trivial in Hq. It is therefore isometric to X. 


This implies that X covers Y and proves Corollary 1.6 


4. The case of quasi-trees: proof of Theorem 




We start with an elementary Lemma. 


Lemma 4.1. Let X he a graph with cocompact isometry group. Given some 
r > 0, there exists r 2 such that : 

• for every x E X, the restriction to Bx{x, r) of an isometry f : Bx{x, r2) —)■ 
X coincides with the restriction of an element of Isom{X). 

• if R > r 2 and if Y is R-locally X and x E X, then the restriction to 
Bx{x,r) of an isometry f: Bx{x,r 2 ) —)• Y coincides with the restriction 
of an isometry Bx{x, R) ^ Y. 

Proof. By the assumption that Isom(X) acts cocompactly there are hnitely many 
orbits of vertices, and we can restrict ourselves to the case when x and f{x) belong 
to some hxed hnite subset of the vertices in X. Then the statement follows from 
a straightforward compactness argument: if this was not true, there would exist 
a sequence of isometries /„: Bx{x,n) -E- X such that {fn{y))n is a stationary 
sequence for all y, but /„ does never coincide on Bx{x, ri) with an element of G. 
Then / = hm„ /„ is a well-dehned isometry of X, a contradition. 

The second statement follows from the hrst. □ 


This lemma is the starting point of our approach for building a covering X —)■ H 
if Y is i?-locally X in Theorem and Indeed, we can start from an isometry 
/q: Bx{xo,R) -e Y. By the Lemma if d{x,x') < R — r2, we can dehne an¬ 
other isometry Bx{x',R) —)■ Y that coincides with /q on Bx{x',r). If we have 
a sequence xq,. .. ,Xn in X with d{xi,Xi-i) < R — r2, we can therefore dehne 
fi'. Bx{xi,R) -E Y such that fi and /j_i coincide on B{xi,r). In this way, by 
choosing a path from xq to x we can dehne an isometry f^: B{x, R) ^ Y for each 
X E X, but such a construction depends on the choice of the path. We will be 
able to make this idea work in two cases. The hrst and easiest case is when X is 
a quasi-tree (Theorem 0 . in which case we can dehne a prefered path between 
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any two points. The second harder case will be the sitnation in which does 
not depend on the path; it is Theorem [C| 

Lemma 4.2. Let X be a connected simplicial graph that is quasi-isometric to a 
tree. Then there exists ri > 0, a tree T, and a open covering X = Uu£ViT)Ou 
such that for each u ^ v & V(T), 

• Ou has diameter less than ri (for the distance in X). 

• Oul~^O.u ^ tj) if and only {u, v) is an edge in T. 

Proof. Consider V{X) the 0-squeleton (the set of vertices) of X. There is a 
simplicial tree T and a surjective quasi-isometry q: V{X) —>■ V{T) (see [KMOS] 
for an explicit construction). Extend g to a continuous quasi-isometry X —)■ T, 
by sending an edge to the geodesic between the images by q of their endpoints. 
Dehne Ou as the preimage of Bt{u, 2/3) by q. We leave it to the reader to check 
the required properties. □ 


Proof of Theorem Let X be a connected graph that is quasi-isometric to a tree 


and with cocompact isometry group. Let ri, T and {Ou)u&t given by Lemma 4.2 


Let r > ri and let r2 given by Lemma 4.1 for this value of r. 

We define R = r r 2 and we will prove that X is SLG-rigid at scales (r, R). 

Let y be a space i?-locally X. Let 0o be an isometry from B{xo,R) to Y. 
Let = {x G X, d{x, Ou) < L2} be the r2-neighborhood of 0„. Our goal is to 
construct isometries <pu'. 0(f —)• Y such that for all u,v E V(T), (1) cfu coincides 
with 00 on Ou O B{xo, r) (2) 0„ and <pu coincide on OuPOy. This will prove the 
Theorem, since then the map 0 defined by 0(x) = 0u(a:) if x G is a covering 
that is well defined by (2) and that coincides with 0o on B{xo,r) by (1). 

Consider Sq = {u E V (T), B{xo, r)nOu 7^ 0 }. Using that B{xo, r) is connected 
and that OyPOy intersect only when u and v are adjacent in T, we see that S'o is 
connected. We start from this subtree and take (S'„)„>o an increasing sequence 
of connected subtrees of T that covers T, such that Sn is obtained from S'„_i by 
adding a vertex. We construct by induction maps 0„ for u E Sn, that satisfy (1) 
and (2) for all u,v E Sn- 

We start with n = 0. For u G S'o, we have Ojf C B{xo, R) and we can dehne 0„ 
as the restriction of 0o to O/f. It is clear that (1) and (2) hold for all u,v E Sq. 

If n > 1 and Sn = {n} U Sn-i, take u G Sn-i the vertex adjacent to v. To 
ensure that (1) and (2) hold on Sn, we only have to construct 0^: 0(/ -E Y 
that coincides with 0„ on Ou C) Oy, because Oy intersects neither B{xo,r) nor 
Ou' for the others u' E Sn-i. Let x E Ou L\ Oy. By Lemma 4.1, there is an 
isometry 0: B{x,R) -E Y that coincides with 0„ on B{x,r), and in particular 
on Ou because ri < r. We dehne 0^ as the restriction of 0 to Ojf, which makes 
sense because Ojf C B{x,R). □ 
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5. USLG-rigidity 


The goal of this section is to study USLG-rigidity. If a graph X is USLG-rigid 
at scales (r, R), in particular two isometries of X that coincide on a ball of radius 
r must be equal. In other words the isometry group is discrete. Theorem that 
we prove later in this section, is a reciprocal of this. Before that we notice that 
covers in USLG-rigid graphs have a very special form. 

Proposition 5.1. If X is a USLG-rigid at scales {r,R), then for every graph Y 
that is R-locally X, there is a group H acting freely by isometries on X and an 
isomorphism H\X —)■ Y that is injective on balls of radius R. 

Proof. Let p: X —)■ U be a covering as given by LG-rigidity. Dehne the group 
H = {g & Aut{X),p{gx) = p{x)\/x G X}. Clearly p induces H\X —)■ Y. Let us 
show that this map is injective. Let Xi,X 2 G X. Assume that p{xi) = p{x 2 ) = y. 
We want to hnd g ^ H such that gxi = X 2 . Let : Byiv, R) ^ X he an isometry. 
Using that X is i?-locally X and that X is SLG-rigid, we see that there exist 
gi,g 2 £ Aut(X) which coincide with ip o p on Bx{xi,r). In particular g = gf^gi 
in an element of Aut(X) such that gxi = X 2 . To see that g belongs to H and 
conclude the proof of the proposition, notice that p and po g are coverings of Y 
by X that coincide on Bx{xi,r). By the uniqueness of such a covering, p = pog 
as desired. □ 


We record here the following consequence of Proposition 5.1, that will be used 
in Corollary!^ 


Lemma 5.2. Let (T, S') be a Cayley graph which is USLG-rigid. If there exists 
a seguence of finite graphs (Un)neN that are n-locally (T, S'), then T is residually 
finite. 


Proof. Let 0 < r < i? such that X = (T, S') is USLG-rigid at scales (r, R). 

To prove that T is residually finite, for every finite set F in T we construct an 
action of T on a finite set such that the elements in F \ {Ir} have no fixed point. 
To do so take a finite set F in T, and pick n > R such that F is contained in 
the ball of radius 2n around the identity in (T, S'). By the assumption there is 
a hnite graph Y that is n-locally X. Since X is USLG-rigid at scales (r, R) and 
R < n,hj Proposition ^ there is a subgroup H C G that acts freely on X such 
that Y identifies with H\X. In particular the action of P by right-multiplication 
on the vertex set of X passes to the quotient F\X, and non-trivial elements of 
length less than 2n in P have no fixed point. In particular no element of F \ {Ip} 
has a hxed point. This shows that P is residually hnite. □ 


5.1. Proof of Theorem O Let X be as in Theorem [Cl Let k > 0 such that X is 
fc-simply connected. Denote G the isomorphism group of X. By the assumption 
that G is discrete and cocompact, there exists rc > 0 such that if two isometries 
g and g' in G coincide on a ball Bx{x,rc) of radius rc, then they are equal. 

We shall prove the following precise form of Theorem 
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Proposition 5.3. There exists C > 0 such that X is USLG-rigid at scales (r, r + 
C) for every r > Vc- 

We shall need the following lemma. 


Lemma 5.4. Given ri > Vc, there exists r 2 > ri such that the following holds: 

• for every X G X, the restriction to Bx{x,ri) of an isometry f ■. Bx{x,r 2 ) —)■ 
X coincides with the restriction of an element of G; 

• the restriction to Bx{x,ri) of an isometry f: Bx{x,r 2 ) X is uniguely 
determined by its restriction to Bx{x,rc). 


Proof. The hrst part is Lemma 4.1 


For the second part, let f,g\ Bx{x,r2) —)■ X be two isometries which coincide 
on Bx{x,rc). By the first part there exists f\g' G G which coincide with / and 
g respectively on Bx{x,ri). Since f = g' on Bx{x,rc), we get f = g', and in 
particular f = g on Bx{x,ri). □ 


Remark 5.5. This lemma applied to + 1 provides us with such that if 

Y is r 2 ^‘'’'"^^-locally X and 01 , 02 ^ X —)■ P are covering maps that coincide on 
B{x,rc), then they coincide on B{x,rc + 1) (and hence everywhere since X is 
connected). This implies the following : if we are able to prove that X is SLG- 
rigid at some scales (r, i?) for r > 1 + rc, then X is USLG-rigid at scales (rc - 1 - 
max(i?-|-h, for all h > 0. Indeed, if 0: B{x,max{R + —)■ X is 

an isometry, we can apply that X is SLG-rigid at scales (r, R) to the restriction 
of 0 to B{x',R) for every x' G B{x,S), and get a covering 0a,/: X —)■ X that 
coincides with 0 on B{x,r). If x',x" G B{x,6) satisfy d{x',x") < 1, the covering 
0a,'/ coincides with 0 on B{x", r), and in particular on B{x', rc) because r > Vc + l. 
By our property defining we have 0a;" = 0a;'. Since B{x, 5) is geodesic we 

get that 0a; = 0a;' for all x' G B{x,6), and in particular 0a; coincides with 0 on 
B{x,r + 6). This proves that there exists a covering 0: X —>■ X which coincides 
with 0 on B{x, rc + S). It is unique as the unique covering that coincides with 0 
on the smaller ball B{x,rc). 


Take now ri = f for some f > 0 to be determined later, and r 2 > ri the 
radius given by Lemma |5.4 Take X a space i?-locally X with R > r 2 + t. For 


every x G X denote by germ(x) the set of all isometries 0: Bx{x,ri) —)■ X that 
are restrictions of an isometry Bx{x,r 2 ) —)■ X. 


Lemma 5.6. Let x,x' G X with d{x,x') < t and 0 G germ{x). Then there is 
one and only one element of germ{x') that coincides with 0 on B{x',rc), and it 
coincides with 0 on B{x,ri) O B{x',ri). 


Proof. For the existence, by Lemma 5.4 and the fact that balls of radius i? in X 
are isometric to balls of radius i? in X, 0 G germ(x) is the restriction to B{x, ri) 
of (at least) one isometry 0: B{x,R) —?• X. Then the restriction of 0 to B{x', r 2 ) 
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is an isometry and hence defines an element of germ(a;') that coincides with cj) on 
B{x,ri) n B{x',ri). 


The nniqneness also follows from Lemma 5^, which implies that every element 
of germ(?/) is determined by its restriction to B{y,rc). □ 

Proposition 5.7. Assume that t > ^. There is a unique family {Fx^x')x,x'&v(x) 
where 

(1) Fx^x' is a bijection from germ{x) —)■ germ{x'). 

(2) If d{x,x') < t and 0 G germ{x), then Fx,x'{4>) is the unique element of 
germ{x') that coincides with 0 on B{x',rc)- 

(3) Fx'^x" o Fx^x' = Fx^x" for all x,x',x'' G X. 


Proof. If {x^x') G X satisfy d{x,x') < t Lemma 5.6 provides a bijection 


s' • germ(a;) —)• germ(x') 


satisfying ([^. 

For every seqnence (xi,..., Xn) of vertices of X where d{xi, Xj+i) <t we define 
F{xi,...,xn)'- germ(xi) —)■ germ(xn) by composing the bijections Fx%i+i along the 
path. Moreover Lemma |5.6| implies that 

(5.1) ^(si,...,s„) = if diam({xi,..., x„}) < t. 

Let 7 : [a, 6 ] —)■ X be an isometry. For every snbdivision a = Oi < 02 < ... = 

b with Oj+i — ai<t, we can consider i 0 .(ai),..., 7 (a„): germ( 7 (a)) —)• germ( 7 ( 6 )), and 


by (5.1) F^(^ai),...,'y{a„) IS nnchanged if one passes to a finer snbdivision, and hence 
does not depend on the subdivision. Denote this map by germ( 7 (a)) —)■ 
germ( 7 ( 5 )). 


But again by (5.1), F^ is invariant under homotopy. Therefore the map 7 1 —>■ Fy 
induces a map on the fundamental groupoid ni(X). By the definition of F, Fy 
is the identity of germ( 7 (a)) if |5 — a| < 2t and 7 (a) = 7(5). By the inequality 
k <2t and the fact that X is fc-simply connected, we get that Fy is the identity 
of germ( 7 (a)) for all paths 7 such that 7 (a) = 7(5). This implies that Fy depends 
only on the endpoints 7 (a) and 7 ( 5 ). We can define Fx^x' as the common value of 
Fy for all such 7 with 7 (a) = x and 7 ( 5 ) = x', and the existence of F satisfying 


Tffl in Lemma is proved. The uniqueness is clear since X is connected. 


□ 


We are ready to prove that X is USLG-rigid. We now fix the value of t to 
t = |, so that ri = r + |. Let /: Bx{xo, R) ^ Y an isometry. The restriction of 
/ to Bx{xo,ri) defines 0o G germ(xo). For every x G X we define (fx = Fxq,x{<Po) 
and 7 r(x) = (j)x{x) for the map given by Proposition 5.7 Then by (|^ in the 


Proposition, tt coincides with 0^, on Bx{x, ri) for every x G X. In particular tt is 
a covering map and coincides with / on B{xq, r). This proves that X is SLG-rigid 
at scales (ri,F). This implies Proposition 5.3 by Remark 5.5 
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6. Groups whose Cayley graphs all have discrete isometry group 

We first observe that a necessary condition on a finitely generated group F to 
have all Cayley graphs with a discrete isometry group (or equivalenty for F to be 
USLG-rigid by Theorem 0 is that this group is torsion-free. 

Lemma 6.1. An infinite finitely generated group with a non-trivial torsion ele¬ 
ment has a Cayley graph, the isometry group of which contains an infinite compact 
subgroup. 


Proof. Let F be inhnite and finitely generated, with finite symmetric generating 
set S. If F is not torsion-free, it has a non-trivial finite subgroup F. Then 
FSF = {fsf'\f,f' E F,s E S} is an F-biinvariant hnite symmetric generating 
set and we claim that (F, FSF) does not have a discrete isometry group. Indeed, 
any permutation of F which preserves all left F-cosets is an isometry of (F, FSF). 
This shows that the isometry group of (F,FS'F) contains the compact inhnite 
group nxer/FSym(x). □ 


We will see in Corollary |6.5| that for a large class of groups (the groups appear¬ 
ing in Corollary]^, being torsion-free is also a sufficient condition for all their 
Cayley graphs to have a discrete isometry group. 

In a slightly different direction (Proposition and Theorem we prove that 
many groups admit a Cayley graph with discrete isometry group. 

Let us now turn our attention to the case of lattices in simple Lie groups and 
groups of polynomial growth. Our goal is to prove Corollary Let F be as in 
Corollary In order to apply Theorem one needs to show that the isometry 
group of any Cayley graph of F is discrete. 


We shall use the following easy fact, showing a converse to Lemma 6.1 


Lemma 6.2. Let F be an infinite, torsion-free finitely generated group, and let 
S be a finite symmetric generating subset of F. Then the isometry group of 
X = (F, S) has no non-trivial compact normal subgroup. 


Proof. Let G = Isom(X), and assume by contradiction that G admits a non¬ 
trivial compact normal subgroup K. Then there exists a vertex x whose K- 
orbit Kx contains a vertex y distinct from x. Since F acts transitively, there 
exists g E T such that gx = y. Since K is normalized by g, we deduce that 
gKx = Kgx = Ky = Kx. Since F acts freely, this implies that g has finite order: 
contradiction. □ 


Let us denote by C the class of finitely generated groups satisfying the following 
property: F G C if every locally compact totally disconnected group G containing 
F as a uniform lattice has an open compact normal subgroup. Observe that a 


Recall the following result of Furman. 


group T E C which is torsion free is USLG-rigid by Theorem and Lemma [672 
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Theorem 6.3. |F01j Let r he an irreducible lattice in a connected semisimple 
real Lie group G with finite center (in case G is locally isomorphic to PSL{2, R), 
we assume that T is uniform). Let H be a locally compact totally discontinuous 
group such that T embeds as a lattice in H. Then there exists a finite index 
subgroup Ho of H containing F, and a compact normal subgroup K of Ho such 
that FTo/-^ — r. In particular, F belongs to C. 

Regarding groups with polynomial growth, we have the following result of 
Trohmov. 


Theorem 6.4. |T85j Let X be a vertex-transitive graphs with polynomial growth. 
Then its isometry group has a compact open normal subgroup. In particular, 
finitely generated groups with polynomial groups belong to C. 


Together with Lemma [63 we obtain 


Corollary 6.5. Let X be a Cayley graph of some finitely generated group torsion- 
free F which either has polynomial growth, or is as in Theorem 6.3. Then the 
isometry group of X is discrete. 


Remark 6.6. In |F011 Corollary 1.5] this Corollary for F as in Theorem 6.3 


was 


stated without the hypothesis that is it torsion-free. This hypothesis is necessary 
as explained in Lemma 6.1[ 


Corollary [D] now follows from Theorem [Cj 


7. Graphs that are not LG-rigid: Theorem [E] 

The idea is that the assumption that H‘^{G, Z/2Z) is inhnite implies that there 
are many 2-coverings of Cayley graphs of G. Before we explain this in details, 
we briefly recall a dehnition of i7^(G, Z/2Z) and its connection with central 
extensions (see M). 

Let A be an abelian group (denoted additively). A central extension of a group 
G (denoted multiplicatively) by A is an extension 

A^ E ^G 

where the image of A lies in the center of E. Let us recall that two extensions 
l^A^Ei^G^l, 1^A^E2^G^1 
are called isomorphic if there is a group isomorphism ip: Gi ^ G 2 such that 

T20 p = n. 

Let us recall how the cohomology group H^{G,A) parametrizes the central 
extensions of G by A. The group H‘^{G, A) is dehned as the quotient of Z‘^{G, A), 
the set of functions p: G"^ ^ A such that p{gi,g2g3) + 7 ^( 5 ' 2 , 5 ' 3 ) = 7 ’( 5 'i 5 ' 2 , S's) + 
p{gi,g 2 ), viewed as an abelian group for pointwise operation, by its subgroup 
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B‘^{G,A) of coboundaries, i.e. maps of the form {gi,g 2 ) t 

for some ip'. G ^ A. Every ip G Z‘^{G, A) gives rise to a central extension 

A^ E ^G 


together with a (set-theoretical) section s: G —?• E by setting E = A x G for 
the group operation {a,gi){b,g 2 ) = {a + b + p{gi, g 2 ), gm), and s{h) = (0,h). 
Reciprocally every such central extension and section give rise to an element 
of Z‘^{G,A), by setting ip{gi,g 2 ) = s(fi'i)s(fi' 2 )s(fi'i 5 ' 2 )~^- Lastly two elements in 
Z‘^{G,A) give isomorphic extensions if and only if they differ by an element in 
B\G,A). 

Lemma 7.1. Let G be a group with a finite symmetric generating set S. If 
Z/2Z) is infinite, there is a sequence of 2-coverings qn- Yn ^ (G, S') such 
Yn is connected but q~^{Bs{x,n)) is disconnected for all x E G. 

Remark 7.2. Actually the graphs Yn in this Lemma are Cayley graphs of exten¬ 
sions of G by Z/2Z. 

Proof. First we claim that for all n > 1 there exists pn £ 2’^(G, Z/2Z) which 
is not a coboundary and such that Pnigi.gi) = 0 if |( 7 i |5 -|- \g 2 \s < n. This 
follows from linear algebra considerations: Z‘^{G, Z/2Z) can be viewed as vector 
space over the held with 2 elements, and our assumption that iL^(G,Z/2Z) is 
inhnite means that i?^(G, Z/2Z) is an inhnite codimensional subspace. It does 
therefore not contain the hnite codimensional subspace made of the elements 
p e ^^(G, Z/2Z) that vanish on {{gi,g 2 ), Is'ils + \g 2 \s < n]. 

If n > 2 and pn is as above, consider En the central extension of G by Z/2Z 
constructed from pn and Sn = {(0,s),s G S}. If s G S', since pn{lH,s) = 0, the 
unit of En is (0, 1 g) and since p{s, s~^) = 0, we have that (0, s)“^ = (0, s“^). The 
set Sn is therefore a hnite symmetric set in En, and the quotient map : En ^ 
G induces a 2-covering qn- Yn —)■ {H,S). The assumption on pn implies that 
qf^{Bs{lH,n)) is the disjoint union of Bs{lH,n) x {0} and Bs{lH,n) x {!}; in 
particular it is disconnected. By transitivity qf^{Bs{x,n)) is disconnected for all 
X G G. To prove the lemma it remains to observe that Yn is connected because 
Pn is not a coboundary. □ 

Theorem now follows from the more general proposition 

Proposition 7.3. Let G be a group with a finite symmetric generating set, and 
assume that there is a sequence of 2-coverings qn- Yn —)■ (G, S) satisfying the 
conclusion of Lemma \ 1. 1\ Then for every finitely generated group H containing 
G as a subgroup, there is a Cayley graph Xq of H x Z/2Z that is not LG-rigid. 


To prove the Proposition, we complete S into a hnite generating set T oi H 


by adding elements of \ G in a way that will be made precise in Lemma 7.7 


This allows to identify the Cayley graph (G, S) as a subgraph of the Cayley 
graph {H,T). We measure the distorsion of (G, S') in {H,T) by the function 
p{R) = sup {|^|5 \g G G, l^lr < R}- 
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Consider Xq, the Cayley graph of H x Z/2Z for the hnite generating set 

r = {{en, 1)} U (5 X {0}) U (T \ 5 X {0,1}). 

Observe that the subgraph with vertex set G x T^jTL of Xq is the union of two 
copies of (G, S) where we added edges between pairs of same vertices. 

Now if q\ Y —)■ (G, S) is another 2-covering, we can get a new graph denoted 
Xq, by replacing G x Z/2Z inside Xq by Y. This means that the vertex set of 
Xq is the disjoint union of {H \ G) x Z/2Z and Y, equipped with the natural 
2-to-l map p: Xq —)■ H . Two vertices in {H \ G) x Z/2Z (two vertices in Y) are 
connected by an edge if they were connected by an edge in Xq (respectively if 
there were connected by an edge in Y or if they have the same image in G), and 
there is an edge between a vertex in [H \ G) x Z/2Z and a vertex in Y if there 
was an edge between their images in {H,T). 

We denote by the equivalence relation on the vertex set of Xq where x r^q y 
if p{x) = p{y). 

We start by a lemma showing that for each R > 0, Xq^ is i?-locally Xq for n 
large enough. 

Lemma 7.4. Let i? G N. If the graph q~^{Bs{x, p(2R))) is disconnected, then 
Xq is R-locally Xq. 

Proof. Consider a ball of radius R in Xq. If it does not contain any vertex in Y, 
it is obvioulsy isometric to the corresponding ball in Xq. Otherwise it contains 
a point X in Y, and is therefore contained in the ball of radius 2R around x. By 
the dehnition of p its intersection with Y is contained in q~^{Bs{q{x), p{2R)), 
which is two disjoint copies of Bs{q{x), p{2R)) by our assumption. This gives an 
isometry between the ball of radius 2R around x in Xq and a corresponding ball 
in Xq and proves that Xq is locally Xq. □ 

Remark 7.5. The proof shows that there is an isometry from every ball of radius 
R in Xq to Xq which sends ~o to 

The next observation allows to distinguish in some weak sense the graphs Xq^ 
and Xq. 

Lemma 7.6. If Y is connected, there is no isomorphism between Xq and Xq 
sending to 

Proof. Let us say that a subset E of the edge set of Xq is admissible if it has the 
property that for every vertex x G Xq, every neighbor of p{x) in {H,T) has a 
preimage y hj p such that {x, y} G E. 

We claim that Xq admits an admissible edge set which makes Xq disconnected, 
but that Xq does not admit such an admissible edge set if Y is connected. This 
claim implies the Lemma because an isomorphism between Xq and Xq sending 
to ~o would send an admissible subset of edges to an admissible subset of 
edges. 
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The first claim is very easy, as we can just take for E the set 
E = (i/, j)} edge of Xo|i = j}. 

For the second claim, take an admissible edge subset E. Since (iif, T) is connected, 
every vertex in Xq can be connected to an edge of F" by a sequence of edges in 
E. Also, observe that if {x,y} is an edge in Xq that corresponds to an edge S 
in {H,T), i.e. if p{x)~^p{y) G S, then {x,y} is the only edge between x and an 
element of p~^{p{y))- This implies that {x,y} G E because E is admissible. In 
particular E contains all edges in Y. This shows that if Y is connected, Xq with 
edge set E remains connected, as announced. □ 


The last step is to observe that for a well-chosen T, an isomorphism between 
Xq and Xq necessarily sends ~o on (at least if q has a large injectivity radius). 
We start by 


Lemma 7.7. Let G =< S >Y H as in Proposition 7_5, There is a symmetric 
T C H such that T r\G = S and every isometry of Xq preserves ~o; where Xq is 
the Cayley graph of El x Z/2Z for the finite generating set 

r = {{CH, 1 )} U (A X {0}) U (T \ A X {0,1}). 


Proof. In the proof, for an arbitrary finite symmetric generating set T C and 
t G T\{eH}, we will denote (as later in the proof of Theorem 0 by N,(t,T) the 
number of triangles in the Cayley graph [H, T) containing the vertices ch and t. 

To lighten the notation, let us denote T* = T \ {en}- 

First pick an arbitrary finite symmetric generating set Ti G H such that Ti fl 
G = S. Let M = maxig^j N^ifjTi). Observe that replacing Ti by Ti U {h,h~^} 
for h G if \ G of word-length > 3 does not change the function X 3 (-,Ti) 
but increases the cardinality of |Ti \ G\. Also, such an h exists because our 
assumption on G implies that G is infinite, and therefore H \ G also. Therefore 
there exists a finite symmetric subset T G Ed such that T CG = S and such that 
maxtgT* N3(t,T) -h 1 < |T \ G|. 

On the other hand, one checks that N 3 {{eH, 1), T') = 2|T\S'|, whereas N 3 {{t, e),T') < 
2 + 2N3{t, T) for every {t, e) G T* x {0,1}. The previous formula therefore implies 
that N^^i^en, ^),T') > N^it', T') for every t' E T' \ {{ch, 1), {gh-, 0)}- This means 
that the Z/2Z cosets in if x Z/2Z are characterized in Xq as the pairs of vertices 
that belong to exactly 2|T \ S'! triangles in Xq. The conclusion follows. □ 


We deduce by a straightforward compactness argument from the previous 
lemma that given some r > 0, there exists R > 0 such that for every par¬ 
tial isometry between two balls 0 : B{x,R) —)■ B{x',R), the restriction of 0 to 
B{x,r) preserves ~o. This implies the following 


Corollary 7.8. Let G, dd, S, T as in Lemma 7_7, For all r > 0, there exists R > 0 
such that for all Y which is R-locally Xq, there exists a unique equivalence relation 
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~ on the vertex set of Y such that for all x E X and y E Y, the restriction to 
B{x,r) of some partial isometry (f : B{x,r) ^ B{y,r) interwines ~o ~- 


We can now complete the proof of Proposition |7.3 
constrncted from the 2-covering qn- Yn -E 


Consider , the graph 


Proposition 7.3, with T given by Lemma 7.7 
n-locally Xf. Hence any covering map from 0, 
restriction to the ball of radius n. 


(G, S) given by the assumption of 

is 

'tp\zn) 

:Xo 


Lemma 7.4| implies that X, 

-tx 


9p(2n) 

must be injective in 


Observe that the preimages of the surjective graph morphism : X, 




-E 


{H,T) have diameter 1. It follows that Pn is a (0, l)-quasi-isometry, so that by 


Theorem 2.1, there exists fc G N such that Xq^ is fc-simply connected for all n. 


Hence, by Lemma 3T, for n large enough, 
and Corollary 17.81 (fn must send 


is an isomorphism. By Remark 7.5 


to 


Q- 


This is a contradiction with Lemma 


7.6[ This implies that Xq is not LG-rigid and concludes the proof. 


8. Graphs that are not LG-rigid: Theorem [F] 

We now move to Theorem which will follow from the results in ^ and from 

Theorem 8.1. Let G < H be finitely generated groups, and T a finite generating 
set of H such that S := GnT generates G. Assume moreover that H splits as a 
semi-direct product G xi H/G. 

There exists G G N such that the following holds. For every extension 

1 ^ Z/2Z ^ G, 4 G ^ 1 

and symmetric subset C G,- such that r maps bijectively onto S, we can 
associate a graph X^ such that 

(1) Xt-o is a Cayley graph of H x Z/2Z if tq is the trivial extension and 
Srq = S X {0} (note that it does not generate Gj-q = G x Z/2Z/ 

(2) For any two extensions r and r', X^ and X^i are i-Lipschitz equivalent. 

(3) For every R E R+, there exists Ri E R+ such that for all extensions r and 
t', the graph X^-i is R-locally X^ whenever the covering (G,-/, Sr') —>■ (G, S) 
is Ri -100011-^ the covering {Gr,Sr) -E (G, S'). 

(f) Ifmaxt^T |tTnT| < |T| —|S'| —1 and (G, S') has a discrete isometry group, 
then the number of isomorphism classes of extensions t' such that Xr' is 
isomorphic to some given Xr is at most G. 

(5) If maxteT l^T fl T| < |T| — [S'! — 1 and {H,T) has a discrete isometry 
group, then the isometry group of Xr acts transitively, and has a finite 
index subgroup which is isomorphic as topological group to an extension 
of H by the compact group (Z/2Z)^. 

Remark 8.2. In ([^, we exceptionally allow a less restrictive notion of graph than 
in the rest of the paper, as we do not request that Sr generates Gr- In that case 


^See Remark 


8.2 
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{GT-,Sr) is the disconnected simplicial graph withont multiple edges nor loops 
with vertex set Gr and with a vertex between x, y if x~^y G S^-. 

In (|^ for a graph Y and two coverings gi: -^Y and q 2 '- Y^'^'> Y we say 

that qi is i?i-locally q 2 if for every ball B of radius Ri in F, there is an isometry 
0 between and q 2 ~^\B) such that g 2 ° 0 = q’l-that commutes with the 

projections that two coverings qi,q 2 - Y^^'> —>■ Y. 


In particular, it follows from Q and ([^, and Theorem 2.1 that there exists k 
such that all X^- are fc-simply connected. 

The rest of this section is devoted to the proof of this theorem, which is very 
similar to the proof of Proposition 7_^, but involves signihcantly more work to 
ensure that items ([4|) and (|^ hold. For the trivial extension, Xr^ coincides with 
the graph Xq from^^ For general r, the graph Xr is obtained by copying above 
every G-coset in if a copy of the Cayley graph (G,-, S',-), and adding in a suitable 
way edges (that we call outer and vertical edges) between different copies. We 
first study this construction for general graphs, and then specialize to Cayley 
graphs. 


8.1. The construction in terms of graphs. Let X,Y be connected graphs, 
and assume that the vertex set of X is partionned as X = into subgraphs 

that are each isomorphic to T, and fix an isomorphism /*: T Yi for each i ^ I. 
Assume that we are given a 2-covering q\ Y — )■ T. Note that Y does not need to 
be connected: in other words, the covering can be trivial. We define a graph X 
by putting over each Yi a copy 10 of Y, and connecting two vertices in 10 and 10- 
for i ^ j either if their images in X are equal, or if k = i and their images in X 
are connected. Formally, the set of vertices of X is T x J, and there are three 
types of edges: 


(1) inner edges-, there is an edge between and {y' G) if there is an edge 
between y and y' in X. 

(2) outer edges-. Hi G j, there is an edge between {y,i) and {y',j) if and only 
if there is an edge in X between fi{q{y)) and fj{q{y')). 

(3) vertical edges: We put an edge betweeen ijjG) and ijj'G) if y G v' and 

q{y) = q{y')- 


Then 10 is X x {f}, and there is a natural “projection” map X —)■ X sending 

{yG) to fi{q{y)). 

We start by a lemma that will be used to show ([^ in Theorem 8.1 


The rest 


of this subsection will be a series of Lemma studying the isometries of X. 


Lemma 8.3. IfY, X' are 2-coverings ofY and X,X' are obtained by the above 
contruction, then any bijection /: X —)• X' which commutes with the projections 
X —)■ X and X' —)■ X is 2-Lipschitz. 
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Proof. Let Xi and X 2 be neighbors in X. Let Xi.,X 2 be their images in X, which 
by assumption are also the images of f{xi), /(T 2 ) by the projection X' —>■ X. We 
have to show that d{f(xi),f{x 2 )) < 2. 

If Xi = X 2 , then f{xi) and /(T 2 ) are linked by a vertical edge: d{f{xi), /(T 2 )) = 

1 . 

If Xi ^ X 2 , then the edge between xi and X 2 is an inner or an outer edge, and 
there is an edge between xi and X 2 in X. In particular there is at least one edge 
(and two if the edge is an outer edge) between f{xi) and some point x' G X' 
that projects on X2. If x' = f(x2) then d{f (xi), f (X2)) = 1. Otherwise there is a 
vertical edge between x' and f(x2) and d{f{xi),f(x2)) = 2. □ 


We will need a simple condition on Y, X ensuring that the isometries of X 
commute with the projection X —)• X. This condition is in terms of triangles, 
where a triangle in a graph is a set consisting of 3 vertices that are all connected 
by an edge. The condition is 

(8.1) Every edge in X belongs to strictly less than mx — My — 1 triangles, 
where mx is the minimal degree of X and My the maximal degree of Y. 


Lemma 8.4. Assume that (8.1) holds. Then for every 2-coverings gi: X^) y 
and q 2 '. -^Y of Y and every isometry f: X^^^ —)• X^'^\ there is an isometry 

g: X X which permutes the Xj ’s, and such that the projections X^^^ — )■ X and 
X(2) X intertwine f and g. 

In particular, if the graphs X^) and X*^^) are isometric, then the 2-coverings 
are isomorphic: there are isomorphisms cf-.Y^Y and 0: X^^^ —)■ X^^^ such that 
0 o = g 2 o 0- 


Proof. Let /c = 1 or 2. By construction, for every vertical edge between [y, i) and 
{y',i), in X^^'^ there are as many triangles in X^^'> containing this edge as outer 
edges containing [y, i). This number is equal to twice the number of neighbors of 
fi{qk{y)) in X which are not in Xp in particular this number is at least 2{mx — 
My). On the other hand, the number of triangles containing an outer or inner 
edge is at most 2 (a bound for the number triangles also containing a vertical 
edge) plus twice the number of triangles in X containing the image of this edge. 
Hence by our assumption the number of triangles containing an outer or inner 
edge is strictly less than 2{mx — My — 1). 

If /: Xb) —)■ X^^) is an isometry, it sends an edge to an edge belonging to the 
same number of triangles. By the preceding discussion it sends vertical edges 
to vertical edges. Therefore / induces an isomorphism g of X. It also sends 
bijectively outer edges to outer edges because the outer edges in X^^^ are the 
edges with the property that there are 3 other edges in X^^^ corresponding to 
the same edge in X. This implies that / preserves the partition of X = Ujg/Lj. 
Restricting / to the any Xj gives the desired isomorphism. □ 
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The preceding lemma allows to describe the isometry group of X as an exten¬ 
sion of a subgroup of the isometry group of X by a compact group dehned in 
terms of the deck transformation group of q: V —)■ K, ie the group of automor¬ 
phisms (f of V such that qo ip = q. Here H is a 2-covering of a connected graph, 
hence the deck transformation group is either Z/2Z or trivial. 


Lemma 8.5. Assume that (8.1) holds. LetY be a 2-covering of Y and X obtained 
by the previous construction. 

If f is an isometry of X, there is a unique isometry g of X such that the 
projection X ^ X intertwines f and g. If we set 7i{f) = g, tt is a morphism 
from the isometry group of X to the isometry group of X whose kernel is , 
where F is the deck transformation group ofY —)■ H. 

Proof. First, there is a subgroup of the isometry group of X isomorphic to 
where F^ acts by {(pi)i(.i ■ (y, j) = {ipj{y),j). 

The existence of g is Lemma |8.4[ its uniqueness is clear, as is the fact that tt 
is a group morphism. It remains to understand the kernel of tt . If / belongs to 
the kernel of vr, for every i the restriction of to is a deck transformation of 
the cover Yi —)■ Yi. This shows that the kernel of tto is contained in (F^)^. The 
reverse inclusion is obvious. This shows the lemma. □ 


The last two lemmas isolate conditions on X or on the 2-covering Y —?■ Y that 
translate into transitivity properties of the graph X. 


Lemma 8.6. Assume that (8.1) holds. If there is a group G acting transitively 
on I and acting by isometries on X such that g o f^ = fg^ for all g G G, j ^ I, 
then there is a subgroup G' in the isometry group of X such that vr(G') = G and 
such that each orbit of X under G' meets each Yi. 


Proof. For g G G', the map {yG) {y,gi) is an isomorphism of X, sends Y^ to 
Ygi and belongs to 7i~^{g). One concludes by the assumption that the action of 
G' on I is transitive. □ 


Lemma 8.7. Assume that (8.1) holds. Let Gi be a group of isometries ofY and 
G 2 a group of isometries of X with the property that for all i and all g G Gi, there 
is an isometry g' E G 2 of X that preserves each Yj, such that f~^ ° g' ° fj E Gi 
for all j, and f~^ o g'o fi = g. 

Assume also that there exists a transitive group Gi of isometries of Y and a 
surjective group homomorphism Gi -E Gi such that the covering Y ^ Y inter¬ 
twines the actions. _ 

Then there is a subgroup G '2 in the isometry group of X such that vr(G 2 ) = G 2 
and which acts transitively on Yi for each i. 


Proof. Fix (?/, i) and {y\ i) E Yi. We construct an element of tt ^(^ 2 ) which sends 
{jj, i) to (fyj i). Since Gi acts transitively on F, there is ^ G Gi such that 'gy = y'. 
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Let g be its image in Gi. By the first assumption there is an isometry g' G G 2 
that acts as an element gj of Gi on each Yj, and as g on Yi. Pick 'gj G LT in the 
preimage of the morphism Gi —?• Gi, with 'gi = 'g. Then the map {y,j) '“t (gjVG) 
is an isometry of X that preserves each Yj and sends {y, i) to {y', i), as requested. 
By construction it belongs to 7i~^{g'). □ 


8.2. The construction for Cayley graphs. A particular case of this con¬ 
struction is the following situation. Let if be a finitely generated group, with 
hnite symmetric generating set T not containing 1. Take G < ii be a sub¬ 
group such that S = T D H is generating. Take X the Cayley graph {H, T) 
and Y the Cayley graph (G, S'). The partition of H into left G-cosets gives a 
partition of X into graphs isomorphic to T, and every (set-theoretical) section 
a: H/G —H gives rise to a family of isomorphisms (/j: (G, S) —)■ {H,T))i^H/G 
given by fi{y) = a{i)y. 

If {h, ht} (for h G H and i G T) is an arbitrary edge in X, the number of 
triangles in X containing this edge equal to the number of h' G ii such that 
h~^h' and belong to T, i.e. is equal to the cardinality of tT fl T. Also, 

every edge in X (Y) has degree |T| (respectively |S'|). Therefore the condition 
holds if and only if maXigT \tT n T| < |T| — [S'! — 1. 

We get a 2-covering q = q-r'. Yr ^Y as above, for every extension 

1 ^ Z/2Z ^ G, 4 G ^ 1 

together with a symmetric subset Sr C Gr mapping bijectively to S, by taking 
Yr to be the Cayley graph (G,-, Sr). 



Remark 8.8. Once again, we remark that Sr^ = S x {0} is not a generating subset 
of Gro, in which case {Gro,Sro) is disconnected. 


Denote by Xr the graph obtained from qr'. Yr ^ Y with the above construc¬ 
tion. 

Let us assume that maxig^ |tTnT| < |T| — |S'| — 1. Then we can apply Lemma 
8.5 8.6 and 8T This is the content of the next lemmas. 

Let TT be the group morphism from the isometry group of Xr to the isometry 
group of X given by Lemma 8.5[ We regard ii as a subgroup of the isometry 
group of X, acting by translation. 


Lemma 8.9. If G is a normal subgroup and H splits as a semi-direct product 
G X H/G, and if a is a group homomorphism, then Xr is a transitive graph. 
More precisely, acts transitively on Xr. 


Proof. We first observe that there is a group G' of isometries of Xr acti ng t ran 
sitively on each T) ^ and such that 7r(G') = G. This follows from Lemma 
does not use that H splits as a semi-direct product. 


8.7 


and 
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Since a is a group homomorphism, we have that a{i)fj{y) = fijiy) for all 
y eY and i,j G Q. By Lemma 8.6 there is a group G '2 of isometries of Xj. such 
that each G 2 -orbit meets each and such that vr(G 2 ) = a{G/H). 

The group generated by G' and G '2 therefore acts transitively on and its 
image by tt is the group generated by G and a{G/H), which is H. This concludes 
the proof of the lemma. □ 


Lemma 8.10. Assume that the isometry group of {G,S) is discrete. Let Gr,Sr 
be as above. 

There are finitely many different isomorphism classes of extensions 

1 ^ Z/2Z ^Gr' ^G 

and symmetric preimages Sr' C Gr' of S such that Xr is isomorphic to Xr>. 


Proof. By Lemma 8.4 we only have to prove that there are hnitely many different 
isomorphism classes of extensions 


1 ^ Z/2Z ^ Gr' ^ G ^ 1 


and symmetric preimages Sr' C Gr' of S such that the resulting 2-covering 
{Gr', Sr') -E- {G, S) is isomorphic to {Gr, Sr) —>■ {G, S). 

By dehnition, {Gr',Sr') —)■ {G,S) is isomorphic to {Gr,Sr) -E- {G,S) if and 
only if there are isomorphisms 0: {Gr',Sr') —)■ {Gr,Sr) and 0: {G,S) — )■ {G,S) 
such that t' o (j) = (j) o T. Moreover since Gr' acts transitively on {Gr',Sr') we 
can always assume that 0(1^^,) = Ig^- fo particular 0 belongs to the stabilizer 
of the identity in the isometry group of {G,S), which by assumption is hnite. 
The Lemma therefore reduces to the observation that if 0 is the identity, then 0 
is a group isomorphism. Actually, 0 is even an isomorphisms of rooted oriented 
marked Cayley graphs: since r' and r are bijections in restriction to Sr' and Sr, 
we can label the oriented edges in Gr' and Gr by S, and the map 0 respects this 
labelling because 0 = id does. □ 


8.3. Proof of Theorem |8.1 

G,H,T as in Theorem 


It remains to collect all the previous lemmas. Let 


8.1 As H splits as a semidirect product G xi H/G, there 


is a section a \ H/G — )■ H that is a group homomorphism. 

For every extension 

1 ^ Z/2Z ^Gr^G^l 

and a symmetric set Sr C Gr such that r is a bijection S. 
Xr as the graph dehned in § |8.2| for this a. 


-E S, we dehne 
If r = To is the trivial extension 


{Gr = Gx Z/2Z), we take Sr^ = S x {0}. 

It follows from its dehnition that Xr^ coincides with Xq, the Cayley graph of 
H X Z/2Z for the symmetric generating set consisting of the union of S' x {0}, 
of {T\S)x {0,1} and of {e^} x ((Z/2Z x Z/NZ) \ {0}). This proves Q. 
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.3, and Q is Lemma 8.10 


We leave to the reader the 
is the maximum of \g\s over all g & G with 


Then ([^ is Lemma ___ 

easy task to check (|^, where R 

\g\T < R- 

Finally we prove ([^. The fact that Xr is a transitive graph follows from Lemma 
S Let TT be the morphism from the isometry group of Xr to the isometry group 
of {H, T), as given by Lemma 8.5 Since this latter group is discrete, the subgroup 
H acting by translation of the isometry group of {H, T) is a finite index subgroup, 
and H' = ttq ^(iL) is a hnite index subgroup of the isometry group of Xr. By 
rest riction we have a group morphism vr: H' ^ H, which is surjective by Lemma 
8.9l and whose kernel is isomorphic to the compact group (Z/2Z)^ by Lemma 


8.9 


8.4. Concluding step in the proof of Theorem We start by a proposition, 
the proof of which will be given in §9.4[ 

Proposition 8.11. Let G O H be finitely generated groups, and assume that G 
contains an element of infinite order. Then there is a finite symmetric generating 
set T of H \ {ch} such that 

• The Cayley graph {H, T) has a discrete isometry group. 

• S = Got generates G and the Cayley graph {G, S) has a discrete isometry 
group. 

• maxig-r \tT fl T| < |T| — 151 — 1. 

Theorem is a direct consequence of this proposition, of Theorem 
the following Lemma. 

Lemma 8.12. Let G be a finitely generated group with finite generating set S. 
Let Ri > 0. Assume that Z/2Z) is infinite. Then there is a continuum 

family (rj, 5i)igR where 

1 ^ Z/2Z ^Gi^G 

are pairwise non isomorphic extensions, Si <Z Gi is a symmetric subset such that 
Ti is a bijection Si —)■ S, and where {Gi, Si) if Ri-locally {G x Z/2Z, S x {0}) for 
all i. 


8.1 and of 


Proof. It is easy to see that H^{G, 7^1270) has the cardinality of the continuum. 
One way to argue is by using that an inhnite compact Hausdorff topological 
group has always at least continuum many elements. In particular H‘^{G, Z/2Z), 
which is assumed to be inhnite and which has a natural compact Hausdorff group 
topology as the quotient of the closed subgroup Z‘^{G, 7/27) of the compact 
Hausdorff group {7/27)^^^ by its closed subgroup B‘^{G, 7/27), has (at least, 
but also clearly at most) the cardinality of the continuum. 


we see 


In particular by the same linear algebra consideration as in Lemma 7.1 
that there are continuum many elements ipi G Z^{G, 7/27) which are all distinct 
in H^{G, 7/27) and which vanish on {((y' 1 , 5 ' 2 ), \gi\s + 117215 < -Ri}- We conclude 
as in Lemma [7JJ □ 
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9 . On Cayley graphs with discrete isometry group 

This section is dedicated to the proofs of Theorems and We start with a 
preliminary resnlt dealing with marked Cayley graphs. 

9 . 1 . The case of marked Cayley graphs. For the proof of Theorem [H| and 
Proposition we introduce the notion of marked Cayley graph. If T is a group 
with finite symmetric generating set S', the marked Cayley graph (G, S) is the 
unoriented labelled graph in which each unoriented edge {7,7s} is labelled by 

Lemma 9 . 1 . Let T be a finitely generated group. There is a finite symmetric 
generating set S such that the group of isometries of the marked Cayley graph 
(T, S) is discrete. 

Proof. With our notion of marked Cayley graph, by an isometry of the marked 
Cayley graph (T, S') we mean a bijection / of T such that f{p)~^f{ps) G {s, 
for all s G S and 7 G T. 

Let Si be a symmetric hnite generating set of T. Denote by | ■ |i the word- 
length associated to Si. Let N be an integer strictly larger than the cardinality 
of S'!. Denote Sn = {7 G T, I7I1 G { 1 , 2 ,... ,iV}}. We claim that the isometry 
group of the marked Cayley graph (G, Sn) is discrete. For this we prove that 
an isometry / of the marked Cayley graph {G,Sn) that is the identity on the 
I ■ |i-ball of radius — 1 is the identity on (G, Sn)- We prove by induction on 
n > N — 1 that / is the identity on the | ■ |i-ball of radius n. Assume that the 
induction hypothesis holds for some n > N — 1 . Suppose for contradiction that 
there exists I7I1 = n + 1 such that /(y) 7^ 7. Then for every decomposition 
7 = 7's with s G Sn and |s|i -|- jy'li = n -|- 1 , the fact that / is an isometry of 
marked Cayley graph (T,Sn) says that /(y) G /(7'){s, s“^}. By the induction 
hypothesis /(7O = 7', and /(y) = y's"^ because /(y) 7^ 7. Also /(/(y)) = 7 
because /(/(y)) G 7'{s,s-^} and /(/(y)) /(y). 

Let us write 7 = yoSi... sat for si,..., G Si and |7o|i = n-fl—A^. Since N > 

I S'! I, there exists k < I with Sk = si. By the preceding discussion for the decom¬ 
position 7 = (yoSi... Sk-i){sk ... Sn), we obtain /(y) = yoSi... Sk-isf^ ... 

By the same reasoning for the decomposition 

/(y) = (yosi... sk-isff^... ... s^^), 

and using that /(/(y)) =77^ fil), we have 

7 70 ' 5 l • • • Sk—lSj,f . . . Sk . . . Si—i. 

Since Sk = si, we obtain that I7I1 < |7o|i-|-A^ — 2 = n — 1, a contradiction. The 
map / is therefore the identity on the | ■ |i-ball of radius n -|- 1 . This concludes 
the proof of the induction, and of the Lemma. □ 
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9.2. Proof of Theorem!^ By Lemma [9B] there is a finite symmetric generating 
set S'o of r such that the marked Cayley graph (L, S'o) has a discrete isometry 
group. For redactional purposes we also make sure that Ir ^ Sq. 

Take S a larger hnite symmetric generating set containing Sq but not Ir, with 
the property that for all s E Sq, there exists s' E S such that ss' E S and 


s ^ {s', ss', (ss')“^}. Such an S exists unless F is hnite, in which case there 
is nothing to prove. 

Since S contains S'o, the marked Cayley graph (F, S') a fortiori has a discrete 
isometry group. 

We can assume that S' has at least three elements. Let R be the size of the 
largest clique (=complete subgraph) in (F,S'). Decompose S' as a disjoint union 
S' = Si U S '2 U S'^\ where Si is the elements of S of order 2. Enumerate Si U S 2 as 
Si..., s„, with n >2. Let pi,... ,pn be distinct integers, all strictly greater than 
R, and F = nr=i zMz, denoted additively. If the Pi are prime, F is a cyclic 
group. Consider the following symmetric generating set S of F x F : 


S = (JlL- T‘} X Z/P.Z) U ({Ir} X (F \ {Of})) , 

i=l 

Let X = (F X F, S), and g: X —(F, S) the projection. For each 7 G F, { 7 } x F 
is a clique with |F| vertices, and observe that these are the only cliques with |F| 
vertices. Indeed, let X be a clique in X. Its image q{K) is a clique in (F, S), 
and therefore has cardinality at most R. By the fact that the preimage by q of 
an edge in (F, S) has cardinality at most max^pj, we see that if q{K) contains at 
least two points, then K has cardinality less than Fmax^pj, which is strictly less 
than |F| because n>2 and R < minjpj. 

Let / be an isometry of X. It sends cliques to cliques, and therefore there is an 
isometry /o of (F, S) such that fo^q = qo f. Since the number of edges between 
{ 7 } X F and { 7 s} x F caracterizes {s, s“^}, we see that /o is an isomorphism of 
marked Cayley graphs. This dehnes a group homomorphism from the isometry 
group of X to the isometry group the the marked Cayley graph (F, S), which is 
discrete. To prove that the isometry group of X is discrete we are left to prove that 
the kernel of this homomorphism is hnite. Let / such that /o is the identity. This 
means that we can write /(y, x) = ( 7 , f^{x)) for a family of bijections of F. If 
s E S, there is a unique i such that s E (sj, denote by F^ the subgroup Z/p^Z 
of F, so that there is an edge between ( 7 , x) and ( 7 s, x') if and only ii x — x' E Fg. 
In particular, there is an edge between ( 7 , 0 :) and {'ys,x), and therefore also 
between their images by /. This means that f^s{x) — f^{x) E Fg. Now take s E S'o, 
and s' E S such that ss' E S and s ^ {s',s'“\ss', (ss')“^}, as made possible by 
our choice of S'. Writing f^g{x) - f^{x) = f^g{x) - f^sg'{x) + f^ggfx) - f^{x), we 
see that f^g{x) — f^{x) G F^ n (F^/ + Fggi) = {0}. This proves that for all s G S'o 
and 7 G F, /.y = f^g. Since S'o generates F, we have that f-^ does not depend on 
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r. This proves that the set of isometries / of X such that /o is trivial is finite. 
This implies that the isometry group of X is discrete, and proves Theorem 0 


9.3. Proof of Theorem [H| Let T be a finitely generated group with an element 
of inhnite order. By Lemma 9T there is a hnite symmetric generating set S'o of 
T such that the marked Cayley graph (T, S'o) has a discrete isometry group. Our 
strategy is to hnd a larger generating set S such that we can recognize the marked 
Cayley graph (T, S'o) from the triangles in (T, S). For this, if S is a symmetric 
subset of T \ {e} and s G S, we denote by S) the number of triangles in the 
Cayley graph (T, S) containing the two vertices e and s. In formulas, 

N^{s,S) = l{fG^,s-^tG^}|. 


We will also denote N^{s,S) = 0 if s ^ S'. By the invariance of (T, S') by 
translations, N 3 {s,S) is also equal, for every 7 G T, to the number of triangles 
in (T, S') containing the two vertices 7 and 7 s. In particular, for 7 = we see 
that N^is, S') = iV 3 (s“^, S'). The main technical result if the following. 


Lemma 9.2. Let S C T \ {e} be a finite symmetric set and Sq G S. There exists 
a finite symmetric set S" C T \ {e} containing S such that 

(1) S'\S does not intersect {s^,s G S}. 

(2) Nfis, S') < 6 for all s e S'\ S. 

(3) Nsls, S') = ^ 3 ( 5 , S') for all s e S \ {sq, Sq \ sg, Sg 

(4) The couple {Nfiso, S') - Nfiso, S'), ^ 3 ( 5 ^, S") - ^ 3 ( 5 ^, S')) belongs to 

{ {(2,0), (4,0)} if Sq has order 2. 

{(1,1), (2, 2), (3, 3)} if Sq has orders. 

{(1, 0),(2, 0), (2, 2)} if sq has order A. 

{(1,0),(2, 0), (2,1)} if So has order > 5. 

Proof. Let 7 G T be an element of inhnite order. We dehne a hnite symmetric set 
by S" = S' U A where A = { 7 "', 7 “"', Sg ^ 7 ”, y^’^so} for an integer n that we will 
specify later. Since all the y"' are distinct, for all n large enough (say |n| > nfi) 
all the elements in A have word-length with respect to S at least 3, and the three 
elements y"’, 7 “"', Sg ^ 7 ” are distinct. This means that A has 4 elements unless 
Sg ^ 7 *^ = 7 ~”so, in which case A has 3 elements. 

Assume that n > hq. Then the hrst condition clearly holds because an element 
of (s^, s G S'} has word length at most 2, which is strictly smaller than 3. Also, by 
the triangle inequality for the word-length with respect to S', a triangle in (G, S') 
either is a triangle in (G, S'), or has at least two edges coming from S' \ S = A. 
This shows the second item. Indeed, if s G S" \ S' = A and t E S' satisfies 
s~^t G S', then either t G A \ {s} or s~^t G A \ {s“^}, which leave at most 

3 -|- 3 = 6 possible triangles containing e and t. This also shows that for s G S', 

Nfis,S') - N 3 {s,S) = |{f G A,s-^f G A}| = |AnsA|. 

It remains to find \n\ > ug such that (|^ and (|^ hold. 
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Let US first consider the simpler case when there exists inhnitely many n’s such 
that Sq^7"' = 'y~'^SQ. Then for such an n, A = {7"', y””, Sq ^7"’} and if |n| > no 
the previous formula means that for s E S, N^i^s, S') — N^i^s, S) is the number of 
elements equal to s in the list 


* 0 )*o w )7 ) *0 7 )7 * 0 - 


For |n| large enough the terms 7 ^", Sq ^y^"", 7 ~^”so do not belong to S, which 
proves that N 3 {s,S') — ^ 3 ( 5 , 5) = 0 if s ^ {so,So^}, and that N^^so, S') — 
Nsiso, S') E {1, 2} depending on whether sq has order 2 or not. This proves (|^ 
and (|^. 

We now move to the case when So^y"" 7 ^ 7 ~"'So, he. A has 4 elements for all 
|n| large enough. This means that ^ 3 ( 5 , S') — N^is, S) is the number of elements 
equal to s in the list 


So,So\7''so7 ", 


^,n—l^—n ^,—n ^,2n ^—2n 

7 So 7 ,7 So7 ,7 So 7 ,7 So7 So,So 7 Sq 7 ,7 ,7 . 


If n is large enough we can forget the last two elements, which do not belong to 

We have two actions of Z on G given by anQ = 7 " 5 ' 7 ~" and /3ng = 7 " 5 ' 7 "- 
With this notation, the previous list becomes 

So, Sq , ttnSo, (c^nSo) , /3—nSo, (/3—nSo) , (/3—nSo)So, Sg (/3—nSo) 

Denote by Ti G N U {cxd} and T 2 E N U {cxd} the cardinality of the a-orbit and 
the /3-orbit of sq respectively, so that cinSo = sq if and only if n is a multiple of 
Ti, and /3„so = sq if and only if n is a multiple of T 2 (with the convention that 
the only multiple of cxd is 0). If n is a multiple of Ti and T 2 , then a„So = /3nSo, 
and hence 7 ^"^ = 1, which holds only if n = 0. This implies that Ti and T 2 cannot 
both be hnite. Also, note that T 2 < 00 prevents Sq from having order 2 , because 
we assumed that Sg ^ 7 ” 7^ 7 ~"so for n large enough. 

Case 1: Ti = T 2 = 00 . Then all the terms in the previous list except sq, Sg ^ es¬ 
cape from S' as n —)■ 00 . This implies that for n large enough N^i^s, S")—^ 3 ( 5 , S) = 
0 if s ^ {sq, Sg ^}, and that S') — ^ 3 ( 59 , S) E {1,2} depending on whether 

So is of order 2 . This proves Q, and that (A 3 (so,S") — ^ 3 ( 50 , S), ^ 3 ( 50 , S') — 
Ns^sl, S)) is equal to (2,0) if sq has order 2 , (1,1) if sq has order 3, and (1,0) 
otherwise. This proves also (|^. 

Case 2: Ti < 00, T 2 = 00. Take n a large multiple of Ti. Then the terms 
containing /3_„sg in the previous list are not in S, and the elements of the list 
that can belong to S are 

Sg, Sg anSo = Sg, (cinSo) ^ 

This implies that ^ 3 ( 5 , S') — ^ 3 ( 5 , S') = 0 if s ^ {sq, Sg ^}, and that Ns{so, S') — 
N^{so, S) E {2,4} depending on whether sg is of order 2. This proves ([^ and (|^ 
as in the hrst case. 
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Case 3: Ti = oo, T 2 < 00 . Take n a large multiple of T 2 . Similarly the elements 
in the previons list that can belong to S are 

SO) Sq So, Sq Sq, Sq 

This proves If Sq ^ S, by convention S) = N^^slS') = 0, and we get 

as above that N^^Sq, S') — N^^sq, S) = 2 (recall that Sq 7 ^ Sq ^ becanse T 2 < 00 ), 
which proves (|^. If Sq G S, we get that {N^i^so, S') — N^^sq, S), S') — 

A^3(so, S)) is eqnal to (3,3) if sq has order 3, and ( 2 , 2 ) if sq has order 4 and ( 2 , 1 ) 
otherwise. This proves also (|^. □ 

We now prove 


Lemma 9.3. There exists a finite symmetric generating set S' C T \ {e} contain¬ 
ing Sq such that for every s E Sq and s' G S, N^i^s, S) = N^i^s', S) if and only if 
s' G {s,s“^}. 


Since an isometry of (T, S) preserves the number of triangles adjacent to an 
edge, this proposition implies that the isometry group of (T, S) is a subgroup of 
the marked Cayley graph (T, So), which is discrete. This implies Theorem [5} 


Proof of Lemma\9^ For a finite sequence u = ui,... ,un oi elements in S'o, we 
define a hnite symmetric generating sets S(m) C T \ {e} inductively as follows : 
if iV = 0 (there is zero term in the sequence), S{u) = So, and if > 0 S(m) is 
the set S' given by Lemma 9.2 for S' = S'(mi, ..., un-i) and so = un- 

By the hrst three items in Lemma 9.2, we have that N^is, S{u)) < 6 for all 
s G S{u) \ So. 

We claim that the conclusion of the Lemma holds for a good choice of u. 
For this we consider Tq = 0 C Ti C ... = S'o a maximal strictly increasing 

sequence of symmetric subsets Tj of Sq with the property that for all s G So, 
G Ti s E Ti. We prove by induction on i that there is a sequence u in 

Ti such that for all s,s' E Ti, No{s, S{u)) > 7 and No{s, S{u)) = Nsfs', S{u)) if 
and only if s' E For i = 0 there is nothing to prove. Assume that there 

exists u in Ti such that the conclusion holds for Tj. We will find a sequence v!_ in 
Tj+i \Tj such that for the sequence the conclusion holds for Tj+i. Consider 
t E Tj_|_i \ Ti. We consider two cases. 

If ^ Tj+i or f^ = t~^, then by maximality, Tj+i = Tj U (oth¬ 

erwise Tj+i \ {t,t~^} could be added between Ti and Tj+i). We then define 
yf = t,... ,t repeated max(n, 7) times for n > max^gT- No{s, S(m)), and we see 
that No{s, S{u,y!)) = No{s, S{u)) if s G Tj because s ^ {t,f^,t~^,t~'^}, and 
No{t, S{u,y!)) > max(?7,,7) > max^gT; A" 3 (s, S(m, «')). This proves the assertion 


for Tj+i. 

If f^ E Tj+i and f^ 7 ^ t~^, observe that for all j, f^^ E Tj+i \ Ti (otherwise if 
j > 2 is the smallest integer such that ^ Tj+i \ Tj, then t^^ ^ Tj because it is 
the square of f^^ ^ Ti, and hence Tj+i \ ,t~‘^^ } could be added between 

Ti and Tj+i, contradicting the maximality). Since Tj+i is finite, there is a smaller 
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j such that G t and by maximality necessarily G {t, t and 

Tj+i \ Ti = , A; = 0 ... j — 1 } U k = 0 .. .j — 1}. In particular, 2 ^-^ — 1 

is a multiple of the order of t, which is therefore odd and hence at least 5 (we 
assumed that ^ e). Take a sequence uq > rii > ■ ■ ■ > rij, and take for y! the 
sequence containing Uk times for all = 0,..., j. Then by ([^ N^is, S{u, yf)) = 
N^i^s, S{y)) if s G Tj. Also, since by (|^ for each occurence of is 

increased by at least 1 (and at most 2 ), we see that S{u, yf)) > rij, which 

can be made strictly larger than max^gT^ N^^s, S{y)) and 7 if rij is large enough. 
Finally, consider k < j. For each of the Uk occurences of in u', only , ■) 

and •) can increase (by one or two), but necessarily , ■) increases 

by at least one unit more than , •). This implies that 

A^3 ,S{u,y!)) - N3,S{u)) 

> Ufc + A^3 \S{u,y^)) - N3,S{y)) - 2 nk+i • 
This implies that if Uk is large enough compared to rik+i, we have 
A^ 3 (^=^^^S'(M,:u')) > \s{u,y/)). 

In particular there is a choice of no,... ,nj such that the induction hypothesis 
holds at step i + 1. 

Finally the induction hypothesis holds for Tk = So, which concludes the proof 
of the Lemma. □ 


Remark 9.4. An examination of the proof of Theorem [H| would give the following 
improvement : there is an explicit function /: N —N such that if F is a group 
with N generators and an element of order at least f{N), then F has a Cayley 
graph with discrete isometry group. 


9.4. Proof of Proposition 8.11[ We can adapt the proof of Theorem to 
prove a slightly stronger statement: Proposition |8.1l| that was used in the proof 
of Theorem [Fl 


Let G C iL as in Proposition 8.11 It follows from Lemma 9.1 that H has a 


hnite symmetric generating set Tq such that So := G HTq generates G, and such 
that the isometry groups of the marked Cayley graphs (G, Sq) and {H, To) are 
discrete (just take for Tq the union of a hnite generating set of G and of H given 
by Lemma 9.1). By applying the proof of Lemma 9.3 hrst in H, we see that 
there is a hnite symmetric generating set T G H such that (1) No{t,T) < 6 for 
f G T \ To, (2) if t, t' G To, No{t, T) = No{t', T) if and only if t' G {t, and (3) 
A3(f, T) > 6 if t G To. Now observe that adding to T elements of G \ T^ does not 
change the function No{-,T) on H \G, whereas on H it increases the functions 
No{-, T) and No{-, T fl G) be the same amount. By applying the proof of Lemma 
9.3| to G, we therefore see that we can enlarge T by adding elements of G such 


that (1) (2) (3) still hold but also (2’) if s, s' G Sq, N^{s, T fl G) = No{s', T fl G) 
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if and only if t' G {f, Finally, we observe that we can moreover assnme that 
(4) max^gT |fT n T| < |T \ G| — 1. This is becanse replacing T by T U {h, h~^} for 
h E H \ G of word-length \h\T > 3 does not change the valne of maxtgT |tT n T| 
bnt increases the cardinality of |T \ G|; we can therefore repeat this as many 
times as necessary to ensnre (4). 

It follows from (1) (2) (3) (from (1) (2’) (3)) that {H,T) (respectively (G, Tfl 
G)) has a discrete isometry gronp. (4) is exactly the last point to be proved. 


This conclndes the proof of Proposition 8.11 


9.5. Proof of Corollary By Theorem [HI T has a Cayley graph X with dis¬ 
crete isometry gronp. By Theorem [C| X is USLG-rigid. We conclnde by Lemma 


O 


10. Proof of Theorem [J] 

Lemma 10.1. For each positive integer n, there exist geodesic contractible com¬ 
pact metric spaces with isometries i^ from [ 0 , 2 ”'] onto a segment 

In C Gn such that 

• The isometry group of G^ is trivial z//c = 0,1. 

• The isometry group of Gf is isomorphic to T^jTL and acts as the identity 
on II- 

• For k ^ I, two connected components of G^ \ 1^ o.iT'd G^ \ Ih ore not 
isometric. 

• Every point in G^ is at distance less than 2 “” from 1 ^, and every connected 
component of G^ \ 1^ contains a point at distance 2“” from 1 ^. 

• For k 7 ^ I and every x G G^, there is an isometry from B{x, 2”“^) U to 
Gn that maps inif) to in(t) for all t. 

Proof. We start by constrncting, for each integer n > 1, and each pair partition 
TT of {1,2, 3,4, 5, 6 }, a metric space Gf as follows. We start from 6 rectangles 
[0,2”] X [0,2“”], of length 2” and height 2“”. We remove from the hrst and 
the third rectangles a ball of radins 3“” and 4“” respectively aronnd the point 
(2“”, 2“”). We glne all the rectangle along the long edge [0,2”] x {0}. We also glne 
together the hrst and the second rectangle along the left segment { 0 } x [ 0 , 2 “”]. 
We do the same for the third and fonrth rectangles, and for the hfth and sixth 
rectangle. Finally for each class {hj} in the partition tt, we glne together to 
right segments 2” x [0, 2“”] of the f-th and the j-th rectangle. The resnlting 
space is G^, that we eqnip with the nniqne geodesic metric that coincides with 
the enclidean metric on each (pnnctnred) rectangle. See Fignre[^ 

Then one dehnes G° as Gf for vr = {{1, 6 }, {2,3}, {4,5}}, Gf as G^ for 
TT = {{1,6}, {2,4}, {3, 5}} and Gl as G^ for vr = {{1,4}, {2,3}, {5, 6 }}. By 
constrnction the exchange of the hfth and sixth rectangles gives an isometry of 
Gf. There is no difhcnlty to check that there are no other non-trivial isometries, 
and that G° and Gf have trivial isometry gronps. The reason is that snch an 
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Figure 1. The spaces (left) and (middle) and (right), 
obtained by identifying the bottom side of all rectangles, and iden¬ 
tifying each pair of vertical sides linked by an arc. 


isometry mnst preserve the common long side of all the rectangles, and also the 
two small balls that have been removed, and hence mnst be the identity on the 
first and third rectangles. The rest of the properties are easy to check; we only 
give a brief jnstification for the last one: a ball of radins R < 2^-2 "-3 aronnd 
a point in cannot simnltaneonsly see one of the small balls that have been 
removed and a right side of a rectangle. The last point follows from the ineqnality 
2--2-;-3-- > 2-T □ 


Given the Lemma, we constrnct the space X as follows. We start from a real 
line R, and for each integer n > 1, m G Z we glne a copy of to R by identifying 
the segment [m — 2”“^, m -\- 2”+^] with ([0, 2”]) (throngh t ^ — m + 

We eqnip X with the nniqne enclidean metric that coincide with the metric on 
each copy of The properties (i) (ii) and (iii) are easy to verify from Lemma 
10. 1[ once we realize that we can recover R as the nniqne biinhnite geodesic in 


X. 


Now for an arbitrary fnnction a: Nx Z —{0,1, 2} we can modify the definition 
of X by glning to [m — 2"'“^, m -|- 2"'+^] a copy of to get a space Y„. Then 

the isometry gronp of W is the semidirect prodnct of Hmezdln a{m n )=2 ^/2Z)) by 
the snbgronp of Z consisting of the elements k satisfying cr(m + k,n) = a{m,n) 
for all m, n. Also Yr is i?-locally X if a{m, n) = 0 for all (m, n) snch that 
2”“^ < R. It is straightfoward that, taking appropriate choices for a, we can 
hnd a continnnm of non isometric metric spaces satisfying (iv) (respectively (v), 
respectively (vi))). 


Appendix A. Uncountable second cohomology group H‘^{H,Z/2Z), 

BY Jean-Claude Sikorav 

Proposition A.l. Let u : G Z be a nonzero group homomorphism. We 
assume that G is the fundamental group of an acyclic CW-complex X with one 
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0-cell, p 1-cells, q 2-cells and r 3-cells, and that q>p-\-r. [Algebraically, G has 
a presentation with p generators, q relations and r ’’relations between relations”; 
we say that G is of type {p, q,r)]. 

Then 

• (i) The second homology group if2(kerM; T^l2TT) is infinite dimensional as 
a vector space under Z/2Z, ie isomorphic to (Z/2Z)^^\ 

• (a) The second cohomology group if^(ker m; Z/2Z) is uncountable. Thus 
ker u is not finitely presented. 

Proof. For any group F, any field k and any g G N, k) is naturally isomor¬ 

phic as a fc-vector space to the dual {Hq{T]k))*. Thus if (i) holds, one has 

i/2(kerM;Z/2Z) ((Z/2Z)(^))* (Z/2Z)N 

and (ii) also holds. 

It thus suffices to prove (i). By |B82j . if2(ker m; Z/2Z) can be computed as 
follows. ^ ^ 

1) Consider the chain complex G^{X) giving the homology H^{X] Z/2Z) as a 
left (Z/2Z)[G]-module. Since X is contractible by the acyclicity of X, the lower 
part of this complex gives an exact sequence 

{Z/2Z)[GY ^ (Z/2Z)[G']'? ^ (Z/2Z)[Gf ^ (Z/2Z)[G]. 

p 

We shall use the fact that 9i(Ai, • • ■ , Ap) = Xi{xi — 1) where xi, - ■ ■ ,Xp are 

i=l 

the generators of G associated to the 1-cells. 

2) Let X be the covering of X such that vri(X) = kerw. Since its universal 

cover is still X thus contractible, we have Hq{X; R) ^ Hgikeru; R) for any q and 
any coefficient ring R, in particular H 2 {X-, Z/2Z) 7^2(ker m; Z/2Z). Moreover, 

since X is a Galois covering of X of group G/ ker m ^ Z, iL*(X; Z/2Z) is a module 
over 

(Z/2Z)[G/kerM] (Z/2Z)[Z] ^ (Z/2Z)[f,r^] 

which is given by the complex (Z/2Z)[G/kerM] (8 )(z/ 2 Z)[g] G^:{X). 

Thus iL2(ker m; Z/2Z) where Di is the image of di under the natural 

morphism (Z/2Z)[G] —)■ (Z/2Z)[G/kerM]. 

Denote R = (Z/2Z)[t,f“^], which is an integral domain, and F = (Z/2Z)(f) 
its fraction field. We therefore have a sequence of i?-linear maps 

RT 02^ RP /?, 

with DiDi^i = 0, which induces a sequence of F-linear maps 
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Since i? is a principal ideal domain, we have ~ © T where T is a torsion 
i?-module, and ~ F'^- Since R ^ as a (Z/ 2 Z)-vector space, to 

hnish the proof it suffices to show that n > 0. 

The image of G G C (Z/ 2 Z)[G] in R is thus 

V 

i=\ 

Since m 7^ 0 , iAi 7^ 0 thus Df 7^ 0 . Since F is a field, this implies (by an easy 
exercize of linear algebra, used in the proof of the Morse inequalities) 

ker 
im 

By the hypothesis, n > 0 , qed. □ 

Example A.2. 1) Let G = Fp^ x Fp^, pi and p2 > 2, where F^ is the free group 
on k generators. Here X is the product of two bouquets of circles [or roses], and 
P = Pi + P2: q = P1P2, r = 0 . Thus 

q-ip + r) = ipi- l)ip2 - 1) - 1 > (2 - 1)(2 - 1) - 1 = 0. 

Remark: here, kerw is hnitely generated if u is nonzero on each factor. More 
generally, if G = Gi x G2 with Gi, G2 hnitely generated and u nonzero on each 
factor, kerti is hnitely generated. 

2) Let G = 7ri(SpJ x 7ri(Ep2), where Ep is a surface of genus g (closed, ori- 
entable) and gi,g2 > 2 . Here X = E^j x Epj, p = r = 2 gi + 2 g 2 , q = 4 :gig 2 + 2 , 
thus 

q- {p + r) = Agig2 + 2 - {Agi + 45(2) = 4(5(1 -l){g2-l)-2> 0. 

3 ) In general, if G = Gi x G2 with G* of type (p*, qi, 0 ), then G is of type 

(p,g,r) = (pi +P2,PiP2 + qi + q2,piq2 + qm), 

thus 

g - (p + r) = (1 -Pi + gi)(l -P2 + q2) - 1- 
Thus the hypothesis is satished if (gi < pi and g2 < P2), or (gi > pi and 
g2 > P2)- There are many examples for the hrst case (for instance all groups 
with at least two generators and a unique relator which is primitive), which also 
ensures Hom(G, Z) 7^ 0 . For the second case, I do not see any obvious example. 

Remark A. 3 . The hypothesis on G can be weakened to: Z/ 2 Z has a free resolution 
(Gj) over (Z/ 2 Z)[G] such that dim Go = 1 and dimG2 > dimGi + dimGa. Or 
more generally such that 

3 

x(G< 3) := ^(-1)*dimGi > 0. 

i=0 


n = dimi? ( 


> -r + g- p + l = g + l-(r + p). 
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